Responses to Reviewer #1 ‘s Comments

I appreciate very much your comments, which are extremely useful for the revision.
Below are my responses to these comments. My responses to your comments are listed as
follows with the line numbers in the responses are referring to the revised version.

(1) “Ifound this paper difficult to understand. After reading it several times,
I think that it isn’t really about two different oceanic dynamic
topographies. It’s really about two different ways to estimate a geoid,
and thus the ocean sea surface height relative to that geoid. Is it not true
that were data perfect, the two geoid estimates would necessarily
agree?”

I am very sorry for the confusion.

I rewrote the Introduction section and made it clear that the note is really about
two different absolute dynamic ocean topographies (DOT) (that is why I
submitted to the Ocean Sciences). Since DOT (referred to the absolute DOT
throughout the article) is the difference between the sea surface height (S) and
geoid (N ) (see Eq(1)]. Thus, DOT depends on the use of geoid. Two-types of
geoid estimates are of course different. They impact more on oceanography than

on marine geodesy since both S and N are two-orders of magnitude higher than
DOT [Wunsch and Gaposchkin, 1980; Bingham et al., 2008].

In Lines 65-67, the classical marine geoid (i.e., the average level of SSH if the
water is at rest) is defined as the first type geoid and denoted by N. In Lines 99-
102, the satellite determined marine geoid [Tapley et al., 2003; Shum et al., 2011]
is defined as the second type marine geoid and denoted by N~

The horizontal gradient of the first-type DOT represents the absolute surface
geostrophic currents since no motion at the marine geoid N. See Eqgs.(12)-(14).

The horizontal gradient of the second-type DOT does not represent the absolute
surface geostrophic currents since water moves at the marine geoid N+.

(2) “(The question is posed on line 119, but the answer uses two different
data sets with differing error budgets and hence would never be
identical. What does theory say?)”

I apologize for the confusion.

Only one dataset for the second type MDOT( D, ) is used from the NASA/JPL website:
https://grace.jpl.nasa.gov/data/get-data/dynamic-ocean-typography/.

The first-type DOT (D) is not observable.

It is the solution of Eq.(33) with the lateral boundary condition from D, |. [see

Eq.(38)], the forcing term F calculated from the World Ocean Atlas 2013
(WOA13) temperature and salinity fields, which was downloaded from the



NOAA National Centers for Environmental Information (NCEI) website:
https://www.nodc.noaa.gov/OC5/woal3/woal3data.html. (see Lines 216-219),
and the bottom topography H downloaded from the NECI 5-Minute Gridded
Global Relief Data Collection at the website:
https://www.ngdc.noaa.gov/mgg/fliers/93mgg01.html (see Lines 222-224).

The numerical solution of (D) is compared with MDOT( D,).

(3) “I don’t understand the first sentence of the Introduction. What is a
spherical harmonic model in a flat-Earth approximation?”

I originally thought that this is the standard statement in marine geodesy‘s
since I rephrased from a paper by Sandwell and Smith (JGR-Solid Earth, Vol
102. B5, Page 10,050, 1997) “The geoid height N(X) and other measurable
quantities such as gravity anomaly Ag(X) are related to the gravitational
potential V(X, z) [Heiskanena nd Moritz, 1967]. We assume that all of these
quantities are deviations from a spherical harmonic reference Earth model so a
flat-Earth approximation can be used for the gravity computation (A 10).”

I revised it into standard oceanographic expression for coordinate system: “Let

the coordinates (x, y, z) be in zonal, latitudinal, and vertical directions” (see Line-
38).

(4) “Eq. (1) is also applicable if defined relative to the center of the Earth”

I added this statement in the revised version (see Lines 42-43).

(5) “V appears not to be the gravitational potential, but the anomaly of
the gravitational potential.”

I corrected (see Line 45).

(6) “If g is really fixed in Eq. 2, it should be written as go as e.g., in Eq.
(6).”

In Lines 47-48, I mentioned g is a fixed constant in Eq.(2) as well as in Eq.(6) =2
“where g = 9.81 m/s?, is the globally mean normal gravity, which is usually
represented by go in geodesy.”

I made this statement since the majority readers are oceanographers.

(7) “Ag appears on the left of the equation and also on the right. Are we
meant to interpret g as g=g+\Delta g??”

No. g in Eq(2), Eq(5), and Eq(6) is go in geodesy.

(8) “Brun’s formula requires a reference.”



I added the reference for the Brun ‘s formula in the revised version (see
Line 46).

(9) “The paragraph starting on line 60 seems to be the crux of the issue, or
of my misunderstanding. Hr is called a "reference depth". Is this
different from what is usually called the "level of no motion"? Is it not
true that if the actual geostrophic velocity were known at this depth, it
would be a "level of *known™* motion" and the two definitions of D would
coincide? The paper states that the differences between the two
definitions of D is be- yond the scope of the paper. But isn’t this just the
problem of classical oceanography of figuring out whether there is a
deep reference level where the geostrophic velocity actually vanishes?
Or at least getting an error estimate on it? If my reading of this
paragraph is incorrect, then I do not understand at all what the paper
is trying to say.”

This paragraph (Lines 60-67 in the original version) was not relevant and deleted.

(10) “Going on, doesn’t the traditional marine geoid really require
that the water density should be constant? If it is constant, then it
follows from the geostrophic relationship that no flow exists. But if the
density is a function of depth, there is (to first approximation) no flow,
but the integrated water density and hence absolute height would depend
upon the vertical distribution.”

The traditional marine geoid is the average level of SSH if the water is at rest.
It does not require that the water density should be constant.

The traditional marine geoid is theoretically defined and hard to observe. The
difference between SSH and the traditional marine geoid, i.e., the first-type
absolute DOT can be determined by the ocean surface absolute geostrophic

velocity, which is represented by its horizontal gradient (i.e., First-type absolute
DOT).

(11) “The ocean circulation is forced by buoyancy and wind. Does
the minimum energy argument apply to a forced system where energy
put in must also be dissipated (line 284)? Maybe the corrections are
negligible here?”

In a book chapter: “Veronis, G., Dynamics of large-scale ocean circulation, in
Evolution of Physical Oceanography, B. A. Warren and C. Wunsch, eds., M.L.T. Press,
Cambridge, MA, 140-184. 1980,” George Veronis states that “... This general result
(i.e., conservation of potential vorticity) for a dissipation-free fluid does not apply
precisely to sea water where the density is a function not only of temperature and
pressure but also of the dissolved salts. The effect of salinity on density is very
important in the distribution of water properties. However, for most dynamic studies the
effect of the extra state variable is not significant and (5.5) (i.e., the conservation of
potential vorticity is valid.” (see page 142 of that chapter).

Thus, the minimum energy argument for the geostrophic flow is basically valid.



(12) “Perhaps I have completely misunderstood this paper, but if so, it
needs to be completely rewritten to make it less obscure, and to explain
what it actually means.”

I rewrote the manuscript completely according to your as well as the second reviewer ‘s
comments to make less obscure.



Responses to Reviewer #2 (Prof. C.K. Shun) ‘s Comments

Reviewer #2 (Prof. C.K. Shun) 's outstanding review and encouragement are highly
appreciated. The comments are extremely useful for the revision. Below are my responses
to these comments.

Assessment:

“... As a result, the author concluded more studies need to be done based on the finding
which indicated that "the satellite determined DOT does not conform with the basic
physical oceanography principle of geostrophic currents". While this original study
may be unconventional, but the hypothesis stated and the approach based on the first
principle to reveal the differences of the two types of DOTs commonly used is novel, [
recommend publications with minor revisions. See the attached annotation of the
manuscript.”

Thank you very much for your encouragement and support.
Annotated Comments in Supplement
The annotated comments are extremely important. My responses are listed as follows.
(1) “The terms 'geoid’ (or 'marine geoid') and DOT (or MDOT) in the text, have
been used interchangeably, causing a bit of confusion. Please check and make
sure that there were not errvors.”
Done.
(2) “DOTs are NOT equal to marine geoid? please clarify the question. It is apparent
that you are contrasting two types of DOTs (not contrasting DOTs and geoids?).
May be you mean AND the differences of the two types of geoids. Please make it

more clear (Line 119 in original version).”

I revised: “Do the horizontal gradients of the second type MDOT (D, ) represent the

absolute surface geostrophic currents?” See Lines 117-118.
(3) Marked editorial corrections

Done.
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Technical Note: Two types of absolute dynamic ocean
topography

Peter C. Chu

Naval Ocean Analysis and Prediction Laboratory, Department of Oceanography
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Correspondence to: Peter C. Chu (pcchu@nps.edu)

Abstract. Two types of marine geoid exist with the first type to be the average level of

sea surface height (SSH) if the water is at rest (classical definition), and the second type

to be satellite determined with the condition that the water is usually not at rest.

Differences between the two are exclusion (inclusion) of the gravity anomaly and non- -
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measurable (measurable) in the first (second) type. The associated absolute dynamic
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ocean topography (referred as DOT), i.e., SSH minus marine geoid, also has two types.
Horizontal gradients of the first type DOT represent the absolute surface geostrophic
currents due to water at rest on the first type marine geoid. Horizontal gradients of the

second type DOT represent the surface geostrophic currents relative to the second type

marine geoid due to water not at rest there. Difference between the two is quantitatively
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identified in this note through comparison between the first type DOT and the mean
second type DOT (MDOT). The first type DOT is determined by a physical principle
that the geostrophic balance takes the minimum energy state. Based on that, a new elliptic
equation is derived for the first type DOT. Continuation of geoid from land to ocean leads
to an inhomogeneous Dirichlet boundary condition with the boundary values taking
satellite observed second type MDOT. This well-posed elliptic equation is integrated
numerically on 1° grids for the world oceans with the forcing function computed from the

World Ocean Atlas (T, S) fields and the sea-floor topography obtained from the NOAA's
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ETOPO5 model. Between the first type DOT and second type MDOT, the relative root-
mean square (RMS) difference (versus RMS of the first type DOT) is 38.6% and the
RMS difference of the horizontal gradients (versus RMS of the horizontal gradient of the
first type DOT) is near 100%. The standard deviation of horizontal gradients of DOT is
nearly twice larger for the second type (satellite determined marine geoid with gravity
anomaly) than for the first type (geostrophic balance without gravity anomaly). Such
difference needs further attention from oceanographic and geodetic communities,

especially the oceanographic representation of the horizontal gradients of the second type

/,,/{ Formatted: Highlight

‘ MDOT (not the absolute surface geostrophic currents).

1. Introduction

/,,/{ Formatted: Highlight

‘ Let the coordinates (X, y, ) be in zonal, latitudinal, and vertical directions. The absolute
dynamic ocean topography (hereafter referred as DOT) D is the sea surface height (SSH)
(waves and tides filtered out) relative to the marine geoid (i.e., the equipotential surface),

D=S-N, (1)
where S is the SSH; N is the marine geoid height above to the reference ellipsoid (Fig.
1). D isan important signal in oceanography; and N is of prime interest in geodesy. Eq.
(2) is also applicable if defined relative to the center of the Earth. The geoid height
N(x,y) and other associated measurable quantities such as gravity anomaly Ag(x, y) are

related to the anomaly of the gravitational potential V(x, y, z) to a first approximation by

the well-known Brun's formula (e.g., Hofmann-Wellenhof and Moritz, 2005),
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N(x,y) = ——2=2 )
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where g = 9.81 m/s?, is the globally mean normal gravity, which is usually represented
by go in geodesy. The gravity anomaly is the vertical derivative of the potential

_V(xy,0)

Ag(x,y) = e

@)
where the anomaly of the gravity potential V satisfies the Laplace equation

ﬂ+ﬂ+ﬂ=0. 4
ox~ oy® oz

The vertical deflection is the slope of the geoid

N_1ov N _1ov ©)
X gox oy goy

which connects to the gravity anomaly by

o(Ag) _ (62N+82NJ ©)

oz x> oy’
Eq(6) links the vertical gravity gradient to the horizontal Laplacian of the marine geoid
height N and serves as the basic principle in the satellite marine geodesy. Since D is the
difference of the two large fields S and N (two orders of magnitude larger than D), it is
extremely sensitive to any error in either S or N — even 1% error in either field can lead

to error in D that is of the same order of magnitudes as D itself (Wunsch and
Gaposchkin, 1980; Bingham et al., 2008).

Before satellites came into practice, S was measured from sparse surveying ships
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and tide gauge stations located along irregular local coastline. However, N was not easy
to observe. Without satellite measurements, the marine geoid is defined as the average
level of SSH if the water is at rest and denoted here by N, which is called the classical

marine geoid (or first type marine geoid) (Fig. 1a). The first type marine geoid can be
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taken as a standalone concept in oceanography since it is on the base of the hypothesis
(mean SSH when the water at rest) without using the gravity anomaly. In this

framework, the geostrophic balance
u=——>—>—, Vv =——A, (8)
Yol
and hydrostatic balance,
P pg, ©
are used for large-scale (i.e., scale > 100 km) processes. Here (ug, Vg) are geostrophic
current components; f is the Coriolis parameter; (p, p) are in-situ pressure and density,
respectively, which can be decomposed into
P=p+p(D)+p,  P=-p9z+P(2)+p. (10)
Here, p,= 1025 kg/m®, is the characteristic density; (7, p) are horizontally uniform
with p vertically increasing with depth (stable stratification)
oplaz=-p,[n(2)I’ /g, (11)
where n(z) is the buoyancy frequency (or called the Brunt-Vaisala frequency); (p, p) are
anomalies of pressure and density. Near the ocean surface, it is common to use the
characteristic density and corresponding pressure ( p,, 0,) to represent (p, o). Vertical
integration of (9) from N to S after replacing (p, o) by ( p,. p,) in (8) and (9) leads to

oD g

ug(S)—ug(N)=—%§, Vy(8) =Y, (N) =222, (12)

where

D=S-N, (13)
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is the first type DOT. Since the first type marine geoid (N) is defined as the average
level of SSH if the water is at rest,

u,(N)=0, v,(N)=0, (14)
the horizontal gradient of D represents the absolute surface geostrophic currents.

After satellites came into practice, SSH has been observed with high precision
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and unique resolution with altimetry above a reference ellipsoid (not geoid) (Fu and
Haines 2013). Two Gravity Recovery and Climate Experiment (GRACE) satellites,
launched in 2002, provide data to compute the marine geoid [called the GRACE Gravity

Model (GGM)] (see website: http://www.csr.utexas.edu/grace/) (Tapley et al., 2003;

Shum et al., 2011). In addition, European Space Agency's GOCE mission data, along
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with the GRACE data, have produced the best mean gravity field or the geoid model at a
spatial scale longer than 67 km half-wavelength (or spherical harmonics completed to

degree 300). This marine geoid is the solution of Eq(6),

o*N.  &N. _ 1 (Aq)
ox* oy g oz

where N. is the satellite determined marine geoid from the measurable gravity
anomaly Ag, and called the second type marine geoid (Fig. 1b), which is different from
N, defined by (14). Correspondingly, the second type DOT is defined by

D.=S-N.(t), (15)
where N.(t) changes with time due to temporally varying gravity anomaly Ag . Thus,
comparison between the first-type and second-type geoids should be conducted between

N and N.. Here, N. is the temporally mean of N.(t). As for DOT, the first type DOT

(D) should be compared to the second type mean DOT (MDOT),
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D.=S-N.. (16)

The oceanic conditions at N and N, are different: water at rest on N [see Eq(14)],

but in motion on N.. The oceanographic community ignores such a difference. The

horizontal gradients of the second type DOT are also treated as the absolute surface

geostrophic currents. For example, the second type MDOT (IiA) data is posted at the

NASA/JPL website: https:/grace.jpl.nasa.gov/data/get-data/dynamic-ocean-typographyi/. { Formatted:
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Its horizontal gradients are also taken as the absolute surface geostrophic currents.

A question arises: Do the horizontal gradients of the second type MDOT (D.) /[ Formatted:

/[ Formatted:

represent the absolute surface geostrophic currents? This paper will answer the question

using the temporally averaged SSH and marine geoid from NASA’s satellite altimetric
and gravimetric measurements [i.e., the second type MDOT (D.)], and solving a new
elliptic equation of D numerically. Given (S, N., D) leads to the answer of the question.

Rest of the paper is outlined as follows. Section 2 describes the change of DOT
due to the change of marine geoid from first to second type. Section 3 describes
geostrophic currents and energy related to the first type DOT. Section 4 presents the
governing equation of the first type DOT with the boundary condition at the coasts.
Section 5 shows the numerical solution for the world oceans. Section 6 evaluates the
change of global DOT from first to second type with oceanographic implication. Section

7 concludes the studies.

2. Change of DOT from first to second type
The second type MDOT (D.) data are downloaded from the NASA/JPL website:

https://grace.jpl.nasa.gov/data/get-data/dynamic-ocean-typography/. This dataset is
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subtraction of a second type marine geoid of GRACE (Bingham et al, 2011) from a mean

(1993 to 2006) altimetric sea surface. Change of marine geoid from first (N) to second

(N.) type is represented by

AN =N, -N. 17)

Correspondingly, change of DOT is given by

AD=D,-D=-AN (18)
where (13) and (16) are used. AD is of interest in oceanography. AN is of interest in
geodesy. Eq(18) shows that the key issue to evaluate AD is to determine D (i.e., first type
DOT).

Conservation of potential vorticity for a dissipation-free fluid does not apply

{ Formatted: Highlight

precisely to sea water where the density is a function not only of temperature and
pressure but also of the dissolved salts. The effect of salinity on density is very important
in the distribution of water properties. However, for most dynamic studies the effect of
the extra state variable is not significant and the conservation of potential vorticity is
valid (Veronis, 1980). Based on the conservation of the potential vorticity, the
geostrophic current reaches the minimum energy state (Appendix A). Due to the
minimum energy state, an elliptic partial differential equation for D is derived with
coefficients containing sea-floor topography H, and forcing function containing
temperature and salinity fields.

If AD is negligible in comparison to D, change of marine geoid from N to N,
does not change absolute DOT‘s oceanographic interpretation, i.e., the horizontal

gradients of D, also represent the absolute surface geostrophic currents. If AD is not
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negligible, the horizontal gradient of D, does not represent the absolute surface
geostrophic currents.

3. Geostrophic currents and energy

Eq.(10) implies,

% _o0 % _op

ox ox' oy oy (19)

®_» B_on 20)
ox Ox oy oy

Using the first type marine geoid N, the horizontal gradients of D lead to the absolute
surface geostrophic currents [see Eqs(12) and (14)]. Integration of the thermal wind

relation

My _ 9 YN__ 90 21)
oo fp oy fp, ox’

from the ocean surface to depth z leads to depth-dependent geostrophic currents,

Uy (2) =Ug(S) +Uge (2), vy (2) =V, (S)+Vec(2) (22)
where
0 0
_ 9 (9p... _ 9 (9P
Uge (2) = f/00!8—yo|z, vBc(z)_fpo_!&dz, (23)

are the baroclinic geostrophic currents. Here, f = 2Qsin () is the Coriolis parameter; Q =
27/(86400 s) is the mean Earth rotation rate; ¢ is the latitude.

The volume integrated total energy, i.e., sum of kinetic energy of the geostrophic
currents and the available potential energy (Oort et al., 1989), for an ocean basin (W) is

given by
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Ezm.{ (u +Vv )+ 20 }dxdydz (24)

Substitution of (22) and (23) into (24) leads to

E(DX,Dy,p)zg?.H[( D, +f“B°) [£2 (D, +- Moy £24 P }dxdydz
W g pan’

0
2
=g—“'{D2/f +D?/ f2+2D, Y _2p Bc}dxdydz
2 % fg fg

. ) (25)
+=[[fl vz +v2. + 22 dxdydz
L] v S22y

4. Governing equation of D

For a given density field, the second integration in the right side of (25) is known. The

geostrophic currents taking the minimum energy state provides a constraint for D,

@, - [ (07 + 05+ 20, -

2D, ﬁj/ fz}dxdydz Smin.  (26)
g g

The three-dimensional integration (26) over the ocean basin is conducted by

[ v{ [ Jaxdydz = jR [ {TH [...]dz}dxdy @7)

where R is the horizontal area of the water volume, H is the water depth. Thus, Eq(26)

becomes

G(Dx,Dy):“L(Dx,Dy)dxdy—>min, (28)

L(D,,D,)=[ H(D] +D})+2D,Y -2D,X ]/ (29)

where the parameters (X, Y) are given by

f 0 d 1 00
X<x,y)=5JHuBC z:—p—ou

(30)
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which represent vertically integrated baroclinic geostrophic currents scaled by the factor
f/g (unit: m). Here, Eq.(19) is used (i.e., horizontal gradient of in-situ density is the same
as that of density anomaly).

The Euler-Lagragian equation of the functional (28) is given by

195 QL _OfL )| 9f a1, (32)
oD ox\aD, ) @y|aD,

Substitution of (29) into (32) gives an elliptic partial differential equation (i.e., the

governing equation) for the first type DOT (i.e., D),

*V[(H/f*)VD]=-F,

or
oD oD
H| VD+r®Y —=4+rM=_2(8/ f)— |=-F
200 { ax Py (B1f) } , (33)
where
F= 8_Y_6_X , Vzig-i-ji (34)
ox oy ox "~ oy
1 oH 1 oH 20
0 —, W=—""" B="""cos(p), 35
0 ox H oy B . (p) (39)

where a = 6,370 km, is the mean earth radius. The geostrophic balance does not exist at
205  the equator. The Coriolis parameter f needs some special treatment for low latitudes. In

this study, f is taken as 2Qsin(57/180) if latitude between 10°N to 0% and as

—2Qsin(57/180) if latitude between 0° to 10°S.

10




Let T be the coastline of ocean basin. Continuation of geoid from land to oceans
gives
210 Nl=N, |, N =N, (36)
which leads to
N|.=N.|. (37)

Here, N is the geoid over land. The boundary condition (37) can be rewritten as

D|.=(S-N)|-=(S-N.)|.=D.|; (38)

215  which is boundary condition of D.
5. Numerical solution of D

The well-posed elliptic equation (33) is integrated numerically on 1°x1° grids for the

world oceans with the boundary values [i.e., (38)] taken from the MDOT (1993-2006)

field (i.e, D.), at the NASA/JPL website: https:/grace.jpl.nasa.gov/data/get-

220  data/dynamic-ocean-typography/ (0.5° interpolated into 1° resolution). The forcing
function F is calculated on 1°x1° grid from the World Ocean Atlas 2013 (WOA13)
temperature and salinity fields, which was downloaded from the NOAA National
Centers for Environmental Information (NCEI) website:

https://www.nodc.noaa.gov/OC5/woal3/woal3data.html. The three dimensional density

225  was calculated using the international thermodynamic equation of seawater -2010, which
is downloaded from the website:

http://unesdoc.unesco.org/images/0018/001881/188170e.pdf. = The  ocean  bottom

topography data H was downloaded from the NECI 5-Minute Gridded Global Relief Data

Collection at the website: https://www.ngdc.noaa.gov/mqgg/fliers/93mgg01.html.

11
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Discretization of the elliptic equation (33) and numerical integration are given in
Appendix B.

6. Difference between the Two DOTs

The first type global DOT (D) (Fig. 2a) is the numerical solution of the elliptic equation

(33) with the boundary condition (38). The second type global MDOT (D,,;) (Fig. 2b) is

ij

downloaded from the NASA/JPL website: https://grace.jpl.nasa.qgov/data/get-

data/dynamic-ocean-typography/. Difference between the two DOTS,

ADIJ = D*ij - Dl] y (39)

is evident in the world oceans (Fig. 2c). Here, (i, j) denote the horizontal grid point. The

relative root-mean-square (RMS) of AD is given by

FOWACEHS
RRMS(AD) = L =0.386. (40)

[wTTe

where M = 38,877 is the number of total grid points. ABoth D and IiA have positive and
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negative values. The arithmetic mean values (0.524 cm, -3.84 cm) are much smaller than
the RMS mean values. They are an order of magnitude smaller than the corresponding

standard deviations (54.9 cm, 71.2 cm) (see Figs. 2d and 2e). The magnitudes of D and

D. are represented by their root-mean squares, which are close to their standard

deviations.

Histograms of for Dj (Fig. 2d) and D.. (Fig. 2e) are both non-Gaussian and

i
negatively skewed. The major difference between the two is the single modal for Dj; with

a peak at around 20 cm and the bi-modal for D,; with a high peak at around 30 cm and a

ij
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low peak at -140 cm. The statistical parameters are different, such as mean value and

standard deviation are (0.524 cm, 54.9 cm) for Dy, and (-3.84 cm, 71.2 cm) for 5*”..
Skewness and kurtosis are (-0.83, 3.01) for Dj;, and (-0.87, 2.80) for [_),(ij .

Horizontal gradients of the DOT, (0D;/dx, oDi/dy) and (oD.; / ox,dD.; / dy), have

ij ij
oceanographic significance (i.e., related to the geostrophic currents). They are calculated
using the central difference scheme at inside-domain grid points and the first order

forward/backward difference scheme at grid points next to the boundary. Difference in

global oDj/ox (Fig. 3a) and aliij /ox (Fig. 3b) is evident with much smaller-scale

structures in 05*".

/ ox. The difference between the two gradients (Fig. 3c),

A(@D, / &x) = 8D

*ij

[ 0x—0D;; [ ox (41)
has the same order of magnitudes as the gradients themselves with the relative root-

mean-square (RMS) of A(6D/0ox),

1 2
MZZJ_:[A@DU Ix) ]
\/l\;zgj:(aqj / &x)?

=104, (42

RRMS[A(@D / &x)] = \/

which implies that the non-surface latitudinal geostrophic current component of the
second type MDOT has the same order of magnitude as the surface latitudinal

geostrophic current component of the first type DOT. Histograms of for 6D;/ox (Fig. 3d)

and oD,;

/ &x (Fig. 3e) are near symmetric with mean values around (-1.29, -0.78)x107
and standard deviations (2.69, 4.95)x10”. The standard deviation of oD, /dxis almost

ij

twice that of 0D;/0x.
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Similarly, difference in global dD;/dy (Fig. 4a) and oD, /dy (Fig. 4b) is evident with

ij

much smaller-scale structures in D,

.;; 1 0y . The difference between the two gradients
(Fig. 4c),

A(0D; / dy) = 0D, | oy — oD oy (43)

ij

has the same order of magnitudes as the gradients themselves with the relative root-

mean-square (RMS) of A(SD/dy),

J&ZZ@% oyy

\/I\;Z;[A(aqj Ioy) |

RRMS[A(0D / dy)] =

=0.98, (44)

which implies that the non-surface zonal geostrophic current component of the second

type MDOT has the same order of magnitude as the surface zonal geostrophic current
component of the first type DOT. Histograms of 0D;/0y (Fig. 4d) and aﬁ*ij /oy (Fig.
4e) are also near symmetric with the mean values around (2.32, 1.18)x10” and standard

deviations (1.20, 2.44)x10° . The standard deviation of 6[_)*”.

/ oy is almost twice that of

oD;i/0y. The denominators of (42) and (44) represent the magnitudes of the horizontal

//{ Formatted: Highlight

gradients of the first type DOT.
7. Conclusions

Change of marine geoid from classical defined (first type, standalone concept in

{ Formatted: Highlight

oceanography) to satellite determined (second type, standalone concept in marine
geodesy) largely affects oceanography. With the classical defined marine geoid (average
level of SSH if the water is at rest) the horizontal gradients of the first type DOT

represent the absolute surface geostrophic currents. With the satellite determined (second

{ Formatted: Highlight
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type) marine geoid by Eq(6), the horizontal gradients of the second type MDOT don’t

_{ Formatted: Highlight

represent the absolute surface geostrophic currents. The difference between the two types

of DOT represents an additional component to the absolute surface geostrophic currents.

[ Formatted: Highlight

With conservation of potential vorticity, geostrophic balance represents the
minimum energy state in an ocean basin where the mechanical energy is conserved. A
new governing elliptic equation of first type DOT is derived with water depth (H) in the
coefficients and the three dimensional temperature and salinity in the forcing function.
This governing elliptic equation is well posed. Continuation of geoid from land to ocean
leads to an inhomogeneous Dirichlet boundary condition.

Difference between the two types of DOT is evident with relative root-mean-
square difference of 38.6%. Horizontal gradients (representing geostrophic currents) of
the two type DOTs are different with much smaller-scale structures in the second type
absolute DOT. Relative root-mean-square difference is near 1.0 in both (x, y) components
of the DOT gradient, which implies that the non-absolute surface geostrophic currents
identified from the second type has the same order of magnitudes of the absolute surface
geostrophic currents identified by the first type DOT.

The notable difference between the two types of DOT raises more questions in
oceanography and marine geodesy: Is there any theoretical foundation to connect the
classical marine geoid (standalone concept in oceanography using the principle of

surface geostrophic currents withoutAg) to the satellite determined marine geoid
(standalone concept in marine geodesy using Ag without the principle of surface

geostrophic currents)? How can the satellite determined marine geoid using the gravity

anomaly (Ag) be conformed to the basic physical oceanography principle of surface

15
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geostrophic currents? What is the interpretation of the horizontal gradients of the second
type MDOT (D,)? Is there any evidence or theory to show [ug(l\_l*) =0, vg(l\_l*) =0]

similar to Eq.(14)? More observational and theoretical studies are needed in order to

solve those problems. The main challenge for oceanographers is how to use the satellite

/,,/{ Formatted: Highlight

altimetry observed SSH such as the Surface Water and Ocean Topography (SWOT,

https://swot.jpl.nasa.gov/, ) to infer the ocean general circulations at the surface. A new

/,,/{ Formatted: Highlight

theoretical framework rather than the geostrophic constraint needs to be established.

The GOCE determined satellite data-only geoid model is more accurate and with
higher resolution than GRACE. Change of GRACE to GOCE geoid model may increase
the accuracy of the calculation of the second type DOT. However, such a replacement
does not solve the fundamental problem presented here, i.e., incompatibility between
satellite determined marine geoid using the gravity anomaly (Ag) and the classical
marine geoid (mean SSH when the water at rest) on the base of the basic physical
oceanography principle of surface geostrophic currents.

Finally, the mathematical framework described here [i.e., the elliptic equation
(33) with boundary condition (38)] may lead to a new inverse method for calculating
three-dimensional absolute geostrophic velocity from temperature and salinity fields
since the surface absolute geostrophic velocity is the solution of (33). This will be a
useful addition to the existing B-spiral method (Stommel and Schott, 1977), box model
(Wunsch, 1978), and P-vector method (Chu, 1995; Chu et al., 1998, 2000).
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Appendix A. Geostrophic balance as a minimum energy state in an

energy conserved basin

In large scale motion (small Rossby number) with the Boussinesq approximation, the
linearized PV (I1) is given by

mepf+ (NP g P

P (@_a_u
ox oy’ oz g

g o ay)- (A1)

+a_’0) _
oz

where, po = 1025 kg m™ is the characteristic density. Without the frictional force and
zero horizontally integrated buoyancy flux at the surface and bottom, the energy
(including kinetic and available potential energies) is conserved in a three dimensional

ocean basin (V)

_ 1o, 2 gzpz
E_vadxdydz, J =E(u Y +W)+2p§n2’ (A2)
dE
—— -0 A3
o (A3)

The two terms of J are kinetic energy, and available potential energy.
To show the geostrophic balance taking the minimum energy state for a given
linear PV [see (Al)], the constraint is incorporated by extremizing the integral (see also

in Vallis 1992; Chu 2018)

2 2
E(u2+v2+w2)+ g '202
2 2p;n
'Em .4 S dxdydz (A4)
n n \ u
R Tl e e )
g oz g oOx oy

where u(x,y,z) is the Lagrange multiplier, which is a function of space. If it were a

constant, the integral would merely extremize energy subject to a given integral of PV,

17




and rearrangement of PV would leave the integral unaltered. Extremization of the integral

(A4) gives the three Euler-Lagrange equations,

355 K_IXK _y (A5)
Op 010p,
K_oxK 26)
ou oy ou,
K_oXK o AT
ov  OXov

where K is in the integrand appearing in (A4). Substitution of K into (A5), (A6), (A7)

leads to
9° ou
0
2 2
u:ﬂa_ﬂ, yo_Po ou (A9)
g oy g ox

Differentiation of (A9) with respect to z and use of (A8) leads to

M_ g op_ N N__ g Ip_ N
oz fp,oy oz oz fp, ox oz

, (A10)

which shows that (u, v) = (ug, vg) have the minimum energy state.
365 Appendix B. Numerical solution of the equation (33)

Let the three axes (X, y, z) be discretized into local rectangular grids in horizontal and
non-uniform grids in vertical (xi;, ij, zc) with cell sizes (1°x1°),

pia
Ay:%ra AX; =Aycosg;, Az =17, -7,

i=1,2,.,01§=1,2,.,3;k=1,2,..,K, (B1)
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where k =1 for the surface, k = K;; for the bottom; ¢; is the latitude of the grid point; rg =

6,371 km, is the earth radius; | = 360; J = 180. The subscripts in K;; in (B1) indicates

non-uniform water depth in the region.

The parameters (Xij, Yi;) in (30) and (31) (in Section 4) are calculated by

Pij+11 ~ Pij + Pistjal ~ Pistjl

1 Gk Ay Ay Az, +Az,,
i ~ ~ ~ ~ Az, | (B2)
4p, i3 N Pij+t+ ~ Pijia + Pistjrla ~ Pisj e 2
Ay Ay
/3i+1,j,| _ﬁi,j,l i /3i+1,j+1,l _/3i,j+1,|
Kij & AX; AX;
Y, Ei Z T o i AZk(AZI +AZ|+1) (83)
4p, 2= + Pistji+r ~ Pijia + Pistjsttar ~ Pijatiea 2
ij ij
which gives the discretized forcing function
= Yi+l,j _Yi—l,j _ Xi,j+1_ Xi,j—l (B4)
! 24X, 2Ay
The governing equation (33) is discretized by
Di+1,j _2Di,j +Di—1,j i Di,j+1_2Di,j +Di,j—1
(Ax;)° (Ay)*
(BS)
e Dy, —Diy 4w _% Dy~ Dija - _i
! 24X, ! f, 2Ay i

which is reorganized by

2(1+cos’ ¢,)D, | = (1+%rij“)Ay cos¢;)D,,,; + (l—% Ay cosg,)D,, ;

2cot g 2cot g,
+¢0s’ ¢; {1+ [rij(y) _r_ﬁjﬂ} D, j,1 +C0s’ §; {1—(%‘” _r—%jﬂ} D... (B6)

il

]

2 2

E E

(Ay)* cos’
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The iteration method is used to solve the algebraic equation (B6) with large value of 1xJ.

It starts from the O-step,
®_0 = .
D;’=0, i=12 ..,1; j=1 2, ..,J (B7)

With the given boundary condition (38) (see Section 4) and forcing function (B4), the

first type DOT at the grid points can be computed from steps n to n+1,

2(1+cos? ¢,)D{™ = (1+= X r‘X Ay cosg,)Df) +(1— r Ay cos¢,) D

i+1, ] i-1,j

2cot 2cot g,
+c0s’ ¢, {1+[rﬁ(” ; ¢] 5 :|DI("])+1+COSZ é; {1—(@(”——%]%} ,(”])1+ il (Ay) cos’ ¢,

E I’E

(B8)
Such iteration continues until the relative root-mean square difference reaching the

criterion,

J

i 3l0r 00T

e <10°°, (B9)

J; S[opT

i=1 j=1

r =

where M = 38,877, is the total number of the grid points on the ocean surface.
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Figure 1. Two types of marine geoid and DOT: (a) first type with N the average level of
SSH if water at rest (classical definition), and (b) second type with satellite determined

| N (water in motion on N-).
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Figure 2. (a) First type DOT (i.e., D) which is the solution of (33) with boundary
condition of (38) (unit: cm), (b) second type MDOT (1993-2006) (i.e., D.) (unit: cm)

downloaded from the NASA/JPL website:

https://grace.jpl.nasa.gov/data/get-

data/dynamic-ocean-typography, (c) difference between the two DOTs (i.e., AD), (d)
histogram of global D, and (e) histogram of global D,.

Figure 3. Derivatives in the x-direction of (a) the first type DOT (i.e., 6D/0x), (b) the

second MDOT (i.e., @D./ox), (c) the difference

A(OD [ 6x) = 0D, | ox—aD [ ox, (d)

histogram of global &D/dx, and (e) histogram of global éD, / ox ..

Figure 4. Derivatives in the y-direction of (a) the first type DOT (i.e., dD/0y), (b) the
second type MDOT (i.e., 6D, /dy), and (c) the difference A(D/dy)=0D./dy—aoD/dy,
(d) histogram of global dD/dy, and (e) histogram of global aD. /oy .
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Figure 1. Two types of marine geoid and DOT: (a) first type with N the average level of
SSH if water at rest (classical definition), and (b) second type with satellite determined

N« (water in motion on N).



https://grace.jpl.nasa.gov/data/get-data/dynamic-ocean-typography
https://grace.jpl.nasa.gov/data/get-data/dynamic-ocean-typography

23




- (d)

4000 - D M
80 mean: 0.524 cm
oo f 10 54.9.cm =
*® 3 000}  Skewness: 083 -
e 2 & kurtosis: 3.01 N
Fy £ 2500 - M
= 3 M
® & Zaf
o §°
.2 1500 :
» 8 1000 -
o S A 11111 I
o 5 =il : N
L E- 3500 == .
b.
=10 0001 san; 384 om - (e)
120 sid: 71.2om
25007 skewness: -0.67 - M
il Foisil Kurtosis: 2.8
5
160
g
i il 1500 -
1000 - H M
: HH
o LA Hﬂﬂm
o Ll H hilii [Ih
o =200 -150 100 50 0 50 100

Dynamic Ocean Topography (em)

Difference (cm)

R

El

475  Figure 2. (a) First type DOT (i.e., D) which is the solution of (33) with boundary
condition of (38) (unit: cm), (b) second type MDOT (1993-2006) (i.e., D.) (unit: cm)
downloaded from the NASA/JPL website: https://grace.jpl.nasa.gov/data/get-
data/dynamic-ocean-typography, (c) difference between the two DOTs (i.e., AD), (d)
histogram of global D, and (e) histogram of global D..
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Figure 3. Derivatives in the x-direction of (a) the first type DOT (i.e., D/0x), (b) the
second MDOT (i.e., aD./ox), (c) the difference A(6D/0x)=0D,/ox—0oD/ox, (d)
histogram of global dD/dx, and (e) histogram of global 6D, / 6x .
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Figure 4. Derivatives in the y-direction of (a) the first type DOT (i.e., 0D/dy), (b) the
second type MDOT (i.e., aD. /dy), and (c) the difference A(6D/dy)=aD./oy—aoD/dy,
(d) histogram of global 6D/dy, and (e) histogram of global oD, /dy .
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