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Abstract

Recent studies have shown that sub-mesoscales (SM, ∼1 km) play an important role
in mixed layer dynamics and have concluded that it has become necessary to in-
clude them in ocean global circulation models, OGCMs. In part A, we developed and
assessed a parameterization of the vertical SM tracer flux for OGCMs that resolve5

mesoscales M but not SM. In the present paper, we derive a parameterization of the
vertical SM tracer flux for OGCMs that do not resolve either M or SM, as those used in
climate studies.

1 Introduction

Several studies have shown that sub-mesoscales (SM ∼1 km horizontal scale) play10

a significant role in mixed layer (ML) dynamics (Levy et al., 2001, 2009; Mahadevan
and Tandon, 2006; Lapeyere et al., 2006; Mahadevan, 2006; Capet et al., 2008; Hose-
good et al., 2008; Klein et al., 2008; Thomas et al., 2008; Mahadevan et al., 2010). In
particular, high resolution simulations by Capet et al. (2008) have shown that the re-
stratification induced by the SM is of the same order as the de-stratification induced by15

small scale turbulence, as well as that induced by the large scale velocity due to strong
winds (Mahadevan et al., 2010). Because of these effects, it has become necessary
to include SM in OGCMs that resolve mesoscales (M, sizes∼Rossby deformation ra-
dius) and in the OGCMs used in climate studies that do not resolve either M or SM.
In a previous work (Canuto and Dubovikov, 2009, 2010; CD9, CD10), we developed20

and assessed a parameterization of the vertical SM tracer flux for OGCMs that resolve
M but not SM. In order to derive a SM parameterization for OGCMs that do not re-
solve both M and SM, we need to average the results presented in CD9-CD10 over
unresolved scales. The procedure, which is not trivial, is presented in Sects. 2 and
3. In Sect. 4, we present an interpretation of the results and in Sect. 5 we summarize25
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the results using a simplified notation. Readers not interested in the derivation can go
directly to Sect. 5.

2 Averaging sub-mesoscale fluxes over unresolved scales

In CD9-CD10 we derived an expression for the z-derivative of the vertical SM tracer
flux to be used in OGCMs that resolve M but not SM. Specifically, Eq. (4a and b)5

of CD10 yield the following vertical SM tracer flux Fv=w ′τ′, where a prime stands to
represent sub-mesoscale fields and an overbar denotes averages over intermediate
scales smaller than mesoscales but larger than SM:

∂zFV =u+
S
·∇Hτ , u+

S
=−(1+γ2)−1

[
ũ−γ

f
|f |
ez× ũ

]
(1a)

where ez is the unit vertical vector, ũ is the ML baroclinic component of 2-D the mean10

velocity (h is the ML depth):

ũ=u−h−1

0∫
−h

u(z)dz (1b)

and the function γ is defined as follows:

γ = rS|f |(2KSM)−1/2 =Ro−1 , rS =
Nh
π|f |

, KSM =
1
2
u′2 (1c)

where Ro is the Rossby number, rS is the ML deformation radius and KSM is the SM15

kinetic energy. The parameterization (Eq. 1a–c) also can be obtained from Eq. (7a)
and (7b) of CD9 in the limit:

K̃ �KSM , K̃ =
1
2
|ũ|2 (1d)
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which, as shown in CD10, holds true in SM resolving simulations and which is due
to the fact that the baroclinic component of the mean kinetic energy K̃ is considerably
smaller than the total mean kinetic energy K=|u|2/2. To complete the parameterization
(Eq. 1a–c), one needs to parameterize KSM, a result presented in Eq. (7d) of CD10
which can also be derived from Eq. (7j) of CD9 in the limit of Eq. (1d):5

K 3/2
SM

=C3/2(1+γ2)−1hrs[V −γ(f /|f |)ez×V ] ·∇Hb , V =h−2

0∫
−h

zũ(z)dz (1e)

From the simulation data of Capet et al. (2080) we computed C≈6 and showed that
although KSM is sensitive to variations of C, the tracer flux is not. It is worth stressing
that in Eq.(1e) and in the second relation of Eq. (1a), the second terms in the square
bracket are vectors: in fact, although ez×ũ and ez×V are pseudo-vectors (cross prod-10

ucts of the vectors ez and ũ or V ), f is a pseudo-scalar which is the scalar product of
the vector ez and the pseudo-vector 2Ω and thus the full terms are vectors.

In relation (Eq. 1a), the velocity u
+
S may be viewed as the SM induced velocity anal-

ogous to the mesoscale induced (bolus) velocity. As Killworth (2005) pointed out, to
make the analogy with mesoscales more complete and since in the ML τz is small due15

to the strong mixing, one may add to the rhs of the first relation (Eq. 1a) the term w+
S τz,

where w+
S is found from the continuity condition:

∂zw
+
S
+∇H ·u+

S
=0 (1f)

Next, we decompose the fields A as the sum of resolved A and mesoscale A′′ parts:

A=A+A′′ (2a)20

Thus, a generic field A is decomposed as follows1:

A=A+A′ = A+A′′+A′ (2b)

1Capet et al. (2008) notation maps into ours as follows: A′, A′′, A, Ã→A′′, A′, A, A
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When we substitute Eq. (2a) into Eqs. (1) and carry out the double bar averaging, terms

such as A′′A vanish since A′′=0. What remains is the sum of two contributions given
by:

∂zF V =∂zFL+∂zFM (3a)

∂zFL =−(1+γ2)−1(û−γez× û) ·∇Hτ , ∂zFM =−(1−γ2)−1(ũ′′−γez× ũ′′) ·∇Hτ′′ (3b)5

where:

ũ′′ =u′′−h−1

0∫
−h

dzu′′(z) , û=u−h−1

0∫
−h

u(z)dz (3c)

In Eqs. (3a) and (3b) FL and FM represent the large scale (L) and mesoscale (M) con-
tributions, respectively. Using the dynamical model for the mixed layer mesoscales
(Canuto et al., 2010; C10), in the Appendix we show that:10

∂zFM ≈−γ(1−γ2)−1|f |−1
(
z+

1
2
h
)
∇Hb ·∇Hτ (3d)

Thus, the complete form of Eq. (3a–d) can be written as:

∂zF V =uS
∗ ·∇Hτ (4a)

where:

uS
∗ =−(1+γ2)−1

[
û− f

|f |
γez× û+

γ

2|f |−1

(
z+

1
2
h
)
∇Hb

]
(4b)15

together with the second of Eq. (3c). To complete the SM parameterization, we still
need to carry out the above procedure on the function γ, a problem we study next.
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3 The function γ

As it follows from the first of Eq. (1c), in order to average γ over mesoscale fields, we
need to average KSM. Since the mesoscale velocity is geostrophic, its baroclinic com-
ponent can be expressed through the horizontal gradient of the mesoscale buoyancy
as follows (analogously to the first relations of Eq. 13a in CD9 and CD10):5

ũ′′ =
(
z+

1
2
h
)
f −1ez×∇Hb

′′ (5)

Substituting relation (Eq. 2a) into Eq. (1e) and averaging over the mesoscale fields with
the use of Eq. (5), we get:

K 3/2
SM

=2C3/2(1+γ2)−1rSh
{[

V̂ −γ
f
|f |
ez× V̂

]
·∇Hb+

1
12

γ

|f |
h|∇Hb′′|2

}
(6a)

where:10

V̂ =h−2

0∫
−h

zû(z)dz (6b)

Using Eq. (A5) to express the last term in Eq. (6a), we finally obtain:

K 3/2
SM

=C3/2(1+γ2)−1hrSV
+ ·∇Hb , V + = V̂ −γ

f
|f |
ez× V̂ +

γ
12

hf −1∇Hb (6c)

Using the first and second relation in Eq. (1c), Eq. (6c) can be transformed into an
equation for the function γ:15

A4γ
4+A3γ

3−γ2−1=0 (6d)

A4 =π2(2C)3/2

[
f
|f |

(ez× V̂ ∗) ·s+
1
12

N2

f 2
|s|2

]
, A3 =−π2(2C)3/2V̂ ∗ ·s (6e)
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V̂ ∗ ≡
V̂

h|f |
, s=−

∇Hb

N2
(6f)

the vector s being the slope of the isopycnals. In Sect. 5 we summarize the main
results of the above parameterization using a simplified notation.

4 Interpretation of the results

As results Eq. (3a) and (3b) show, the vertical tracer flux has two components, the first5

one being due to the large scale fields while the second one is due to mesoscales.
It is interesting to compare them. Let us begin with the no wind case when the large
scale velocity is purely geostrophic. The salient feature of the SM, as it follows from
Eq. (1), is that they are generated and governed by the baroclinic component of the
mean velocity which, in the absence of wind, is given in Eq. (13a) of CD9 and CD10.10

In the present notation it is given by:

û|no wind =
(
z+

1
2
h
)
f −1ez×∇Hb (7a)

Substituting Eq. (7a) into the first of Eq. (3b), we obtain:

No wind : ∂zFL =−(1+γ2)−1f −1
(
z+

1
2
h
)[

ez×∇Hb+γ
f
|f |
∇Hb

]
·∇Hτ (7b)

As one can see, for τ=b, this result coincides with the contribution due to mesoscales15

Eq. (3d). This conclusion stems from the fact that while the barotropic component of the
mesoscale kinetic energy exceeds that of the mean flow, for the baroclinic components
K̃M=|ũ′′|2/2 and K̂=|û|2/2 it is the other way around. Indeed, as it follows from Eqs. (5),
(7a) and (A5), we have that:

No wind : K̂ = K̃M (7c)20
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In the presence of a downfront wind, only the large scale velocity increases due to the
Ekman component which is absent in mesoscale velocity. As a consequence,

Downfront wind : K̂ > K̃M (7d)

and an analogous relationship holds true for the buoyancy fluxes FL and FM:

Down-front wind : |FL|> |FM| (7e)5

Inequalities (Eq. 7d) and (Eq. 7e) become stronger as the wind gets stronger. Next,
we compare the contributions of M and SM vertical fluxes to the large scale tracer
equation. The former has been recently parameterized in C10 with the following result:

∂zF
M

V =uM
∗ ·∇Hτ (7f)

where superscript M stands to represent mesoscale variables and u
M
∗ is parameterized10

in Eq. (8b) of C10. In contrast to its SM counterpart (Eq. 4b), uM
∗ depends not only on

the fields in the ML but also on those in the ocean interior, a manifestation of the
fact that while SM are trapped in the ML, mesoscale eddies form coherent structures
which extend through the whole ocean. For this reason, we compare the baroclinic
components of the SM and M vertical fluxes which contribute to the restratification of15

the ML. If we neglect the first term in Eq. (8b) of C10 which is due to the contribution

of w ′′τ′′z whose counterpart was neglected in CD9,10 for SM, the baroclinic component

of the M induced velocity ûM
∗ is given by:

ûM
∗ =RoMez× û , RoM = (2KM)1/2/(rd|f |) , (7g)

where RoM is the mesoscale Rossby number and the baroclinic mean velocity û is20

defined in Eq. (3c). We recall that in C10 relations (Eq. 8a and b) were derived un-
der the condition RoM�1 which is amply satisfied for mesoscales. If in Eq. (1a) we
formally impose the analogous condition Ro=γ−1�1 (which is not satisfied for SM),
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then we obtain a relation analogous to Eq. (7g). Notice that in the no-wind case for the
buoyancy flux, in the second of Eq. (1a), the first term vanishes and only the second
one remains. Thus, the formulae for M and SM are formally similar, the difference is
that while RoM�1, in the SM case, Ro& 1. Therefore, the SM vertical flux exceeds its
mesoscale counterpart by an order of magnitude. A similar situation occurs in the case5

of a strong wind provided its direction is favorable for the generation of SM eddies. For
example, in the case of a strong down-front wind when γ�1, from Eq. (9a) of CD10
we obtain:

vS∗ ≈−A[cos(z/δE)−sin(z/δE)]exp(z/δE) , A=
√

2u2
∗/(δE|f |) (7h)

ˆvM
∗ ≈−RoMA[cos(z/δE)+sin(z/δE)]exp(z/δE) (7i)10

where ρu2
∗ is the surface stress and δE is the depth of the Ekman layer. These results

differ by the factor RoM .0.1. However this does not mean that the parameterization of
the mesoscale vertical flux is unimportant. First, mesoscales are necessary to compute
the surface mesoscale kinetic energy, as it follows from Eq. (10) of C10. Second,
when the wind direction is not favorable for generating SM, it may still be favorable15

for generating mesoscales. For example, as we showed in CD9,10, a strong wind in
the direction opposite to the horizontal mean buoyancy gradient (down gradient wind)
cannot generate vigorous SM eddies while it is favorable for generating mesoscale
eddies.

Finally, we compare the mesoscale and sub-mesoscale horizontal fluxes:20

FM
H =−κM∇Hτ , F SM

H =−κSM∇Hτ , κM =K 1/2
M rd , κSM =K 1/2

SM
rS (8a)

where rd and rS are the deformation radii, KM is the mesoscale kinetic energy which is
mostly barotropic and KSM is the SM eddy kinetic energy parameterized in Eq. (6c)–
(6f). The ratio of the corresponding divergences that enter the mean tracer equation:

∇H ·FM
H =−κM∇2

Hτ , ∇H ·F SM
H =−κSM∇2

Hτ (8b)25
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equals K 1/2
M rd/K

1/2
SM

rSM∼100, and therefore the contribution of the horizontal SM flux
may be neglected in comparison with its mesoscale counterpart.

5 Sub-mesoscale parameterization: summary

To summarize the sub-mesoscale parameterization just derived, we simplify the nota-
tion and denote by u, b and τ the resolved fields. The z-derivative of the SM vertical5

tracer flux can be presented as follows:

Sub-mesoscales : ∂zFV =u∗ ·∇Hτ (9a)

where:

u∗ =−(1+γ2)−1
[
û− f

|f |
γez× û+

1

|f |
γ
(
z+

1
2
h
)
∇Hb

]
(9b)

û=u(z)−h−1

0∫
−h

u(z)dz (9c)10

The function γ is solution of the following equation:

A4γ
4+A3γ

3−γ2−1=0 (9d)

A4 =π2(2C)3/2

[
f
|f |

(ez×V ) ·s+
N2|s|2

12f 2

]
, A3 =−π2(2C)3/2V ·s (9e)

V = (h3|f |)−1

0∫
−h

zû(z)dz , s=−
∇Hb

N2
, C=6 (9f)
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6 Conclusions

We recall that the equation for a mean, arbitrary tracer, e.g., active tracers such as T ,
S and passive tracers such as CO2, to be used in OGCMs that do not resolve either M
or SM has the following form:

∂tτ+U ·∇τ+∇H ·F H+∂zFV︸ ︷︷ ︸
M

+∇H ·F H+∂zFV︸ ︷︷ ︸
SM

=∂z(kVτ)+G (10a)5

where the two terms on the right hand side are the contribution of small scale turbu-
lence with a diapycnal diffusivity kv and the sink-sources term G.

The penultimate term on the lhs of Eq. (10a) is the horizontal flux due to SM which
however can be neglected since it is far smaller than the one due to mesoscales:

F H(SM)� F H(M) (10b)10

where F H(M)=−κM∇Hτ is given by Eq. (4h) of C10. As for the two vertical fluxes due to
M and SM, the latter, specifically, the function ∂zFSM is given by Eqs. (9) above which,
due to their algebraic nature, are easy to implement in OGCMs. The parameterization
of the M vertical flux is given by Eqs. (9) of C10.

In the case of a strong down-front wind, the SM vertical flux FSM considerably ex-15

ceeds that of M. However, this does not imply that the vertical M flux may be neglected
since the re-stratifying effect of SM is largely cancelled by the de-stratifying effect of the
mean flow (Mahadevan et al., 2010; CD9-CD10a) and therefore the mesoscale vertical
flux becomes important. The latter is also true in the case of a strong up-front wind
when SM are not generated (CD9-CD10). In addition, a parameterization of the verti-20

cal M flux in the mixed layer is indispensable for the parameterization of the mesoscale
kinetic energy that enters the M diffusivity, as seen in Eq. (8b).

Finally, it must be stressed that SM and M affect each other, for example, the last
term in Eq. (9b) is contributed by M, a term that becomes less relevant as the down-
front wind becomes stronger. On the other hand, as shown in C10, SM affect the25
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mesoscale fluxes and the corresponding effect increases when a down-front wind be-
comes stronger.

Appendix A

Derivation of Eq. (3d)5

Substituting Eq. (5) into the second of Eq. (3b), we derive the relation:

∂zFM =−
(
z+

1
2
h
)
f −1(1+γ2)−1

(
∇Hb′′×∇Hτ′′ ·ez+γ∇Hb′′ ·∇Hτ′′

)
(A1)

To compute the two terms in Eq. (A1), we note that mesoscale eddies are almost
axi-symmetric so that both ∇Hb

′′ and ∇Hτ
′′ are directed toward the eddy center (or

opposite). Therefore, averaging mesoscale fields yields the following results:10

∇Hb′′×∇Hτ′′ =0 , ∇Hb′′ ·∇Hτ′′ ≈ r−2
d b′′τ′′ (A2)

where rd is the Rossby deformation radius not to be confused with the deformation
radius of the ML rS given in Eq. (1c). To parameterize the correlation functions in the
second of (A2), we use the following relations (KM is the mesoscale kinetic energy)

τ′′ ∼−tMu′′ ·∇Hτ , b′′ ∼−tMu′′ ·∇Hb , tM ∼ rdK
−1/2
M (A3)15

which we now derive. To that end, the recall the relation between the Fourier compo-
nents of the mesoscale tracer and velocity fields in the vicinity of the maximum of the
mesoscale kinetic energy spectrum at |k|∼r−1

d , Eq. (3f) of C10, which in the present
notation reads as follows:

τ′′(k)=−
u
′′(k) ·∇Hτ

χM+ ik ·
(
u−ud

) , χM = r−1
d K 1/2

M (A4)20
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where ud is the drift velocity of mesoscale eddies. Assuming that K 1/2
M >|u|, K 1/2

M >|ud|
we may keep only the first term χ in the denominator of Eq. (A4). Finally, assuming
that the shapes of the spectra are similar in the vicinity of |k|∼r−1

d , we arrive at Eq. (A3).
Substituting it into the second relation (Eq. A2), we obtain:

∇Hb′′ ·∇Hτ′′ ≈ r−2
d b′′τ′′ ≈ r−2

d

(
rdK

−1/2
M

)2
(u′′ ·∇hb)(u′′ ·∇hτ)5

≈ 1
2
K−1

M |u′′|2∇hb ·∇hτ =∇Hb ·∇Hτ (A5)

Substituting this result, together with the first of Eq. (A2), into Eq. (A1), we arrive at
relation (Eq. 3d).
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