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Abstract

Present studies of mixed layer sub-mesoscales rely primarily on high resolution numer-
ical simulations. Only few of these studies have attempted to parameterize the ensuing
buoyancy submesoscale fluxes in terms of the resolved fields so that they can be used
in OGCMs (ocean circulation models) that do not resolve sub-mesoscales. In reality,
OGCMs used in climate studies include a carbon-cycle which also requires the flux of
a passive tracer.

The goal of this work is to derive and assess a parameterization of the submesoscale
vertical flux of an arbitrary tracer in terms of the resolved fields. The parameterization is
obtained by first solving the dynamic equations governing the velocity and tracer fields
that describe sub-mesoscales and then constructing second-order moments such as
the tracer fluxes. A key ingredient of the present approach is the modeling of the non-
linear terms that enter the dynamic equations of the velocity and tracer fields, a problem
that we discuss in two Appendices.

The derivation of the sub-mesoscale tracer vertical flux is analytical and can be fol-
lowed in detail since no additional information is required. The external forcing includes
both baroclinic instabilities and wind stresses.

We compare the model results with data from sub-mesoscale resolving simulations
available in the literature which are of two kinds, one with no wind (baroclinic instabilities
only) and the other with both baroclinic instabilities and wind. In both cases, the model
results reproduce the simulation data satisfactorily.

1 Introduction

While mesoscales are characterized by a small Rossby number Ro=¢ /f «1 (where ¢
and f are the relative and planetary vorticities respectively), sub-mesoscales are char-
acterized by Ro~1 and Ri~Ro'1/2~O(1), where Ri is the Richardson number (Thomas
et al., Sect. 2). For these reason, mesoscale parameterizations devised for the deep
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ocean cannot be extrapolated to describe sub-mesoscales and a new one must be
devised.

Most of our knowledge about mixed layer sub-mesoscales comes from high resolu-
tion studies carried out by several groups (Levy et al., 2001, 2009; Thomas and Lee,
2005; Mahadevan, 2006; Mahadevan and Tandon, 2006; Klein et al., 2008; Thomas et
al., 2008; Capet et al., 2008). These studies have revealed many interesting features of
sub-mesoscales especially their contribution to the vertical mixing of mass, buoyancy
and tracers in the upper ocean. Among the most salient effects of sub-mesoscales
on global ocean properties is the well documented tendency to re-stratify the mixed
layer (Spall, 1995; Nurser and Zhang, 2000). The effect of sub-mesoscales on deep
convection has been recently demonstrated by Levy et al. (2009, Fig. 9) who point
out a better agreement with the new mixed layer data by Boyer Montegut et al. (2004)
south of the WBC (Western Boundary Current). Even in non-convective regimes, one
can expect a significant cancellation between sub-mesoscale and small scale fluxes
leading to the mixed layer re-stratification (e.g., Capet et al., 2008, Fig. 12; Klein et
al., 2008, Sect. 4); specifically, Hosegood et al. (2008) estimated that sub-mesoscales
contribute up to 40% of the re-stratification process. In addition, as noted by Lapeyre
et al. (2006) and Klein et al. (2008), the surface layers re-stratification is compensated
by de-stratification of the ocean interior pointing to an interesting dynamical connection
between surface and interior processes. Another important effect of sub-mesoscales
concerns the location of the WBC that is shifted south by 4° and whose off shore ex-
tension penetrates further to the east in better agreement with observations (Levy et
al.,, 2009). An earlier study by Treguier et al. (2005), which found a significant in-
crease (from ~30Sv to ~70Sv) in the barotropic transport in the Gulf Stream when
moving from 1° to 1/6° resolution, was recently confirmed and the inclusion of sub-
mesoscales further increased the transport by ~50Sv. Finally, the structure of the
MOC (meridional overturning circulation) was also significantly affected by the pres-
ence of sub-mesoscales not so much in its intensity as to its location (Levy et al., 2009,
Fig. 12).
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This brief summary of some of the results of very high resolution (1/54°, ~2km)
regional studies is sufficient to highlight the importance of sub-mesoscales and thus
the question arises as to how much of sub-mesoscale physics is actually accounted
for by present day global OGCMs (ocean global circulation models). Even today’s
highest resolution global ocean models ~1/10° (Maltrud and McClean, 2005; Sasaki
et al., 2008) are not able to capture the sub-mesoscale field and much less are in
the position to do so the OGCMs coupled to an atmospheric model used for climate
studies where the resolution is at best 1° but generally lower. The significant global
processes revealed in going from 1° resolution (~100 km) and 1/54° resolution (~2 km)
are presently absent in such global models especially in climate studies. It therefore
seems that a reliable parameterization of submesoscales in terms of the resolved fields
has become necessary to ensure the physical completeness of mixed layer mixing
processes.

When solving the dynamic equations of a coarse resolution OGCM, two key equa-
tions are those for T and S (temperature and salinity) but since climate models must
also include a carbon cycle, one must consider a general tracer field whose dynamic
equation is given by':

DT+ Vy-Fy+0,F,+Vy-Fy+0,F, =0,K,0,T) + Quy (1a)

mesoscales sub—mesoscales

where for completeness we have included the contribution of mesoscales which are
however not treated in this work which is restricted to sub-mesoscales. The sub-
mesoscales horizontal and vertical fluxes are defined as follows:

Fu,(t)=u't, F,(1)=wT (1b)

1Dt=c?,+U,-c’z?,, U=(u, W)=U+U', V, is the horizontal gradient and Q,,; represents external
sources; small scale vertical mixing is represented by the first term in the rhs of Eq. (1a) where
K, is the vertical diffusivity.
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where a prime denotes the submesoscale fields and an overbar stands for an en-
semble average over resolved scales. However, since the horizontal sub-mesoscales
flux is smaller than the corresponding one due to mesoscales, we shall concentrate
on the parameterization of the vertical sub-mesoscale flux, F,(7). The methodology
we employ to carry out the parameterization contains three steps: first, one solves
in Fourier space the sub-mesoscale dynamic equations describing the sub-mesoscale
fields w', 7'; second, one forms the averages of the product of the two fields so as to
obtain the second-order correlation w’7’ and third, one integrates over all wavenum-
bers to obtain the final expression for £, in coordinate space and expressed in terms of
the resolved fields, to be used in Eq. (1a). The procedure was first worked out for the
linear case by Eady and later by Killworth (1997) and for the non-linear case by Canuto
and Dubovikov (2005, 2006, CD5,6). Though the dynamic equations describing the
velocity and temperature fields are formally the same as those describing mesoscales
that were discussed in CD5-6, in the present case they must be solved in the regime
appropriate to sub-mesoscales represented by Ro=¢/f=0(1) rather than Ro«1 as in
the case of mesoscales which leads to the appearance of terms that were not present
in the Rox 1 regime.

The key difficulty in solving the sub-mesoscale dynamic equations is represented by
the non-linear terms whose closure is expressed in Eq. (3a) below. Since the latter
is a key ingredient of the present model and since the original derivation (Canuto and
Dubovikov, 1997) is rather involved, in Appendices A, B we have attempted to find
a way to present a more physical approach to Eq. (3a) with the goal of highlighting the
physical rather than the technical features of Eq. (3a).

In addition to the derivation of the closure relations (Eq. 3a), there is the issue of
the assessment of Eq. (3a) when applied to flows different than the present one so
as to justify its use in the present context. Such an assessment was carried out us-
ing data from freely decaying flows, 2-D flows, rotating flows, unstably stratified flows,
shear driven flows, DNS data, etc. and the results were in good agreement with the
data (e.g., Canuto et al., 1996-1999). Even so, we consider such assessment nec-
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essary but not sufficient for the credibility of the parameterization of sub-mesoscale
fluxes we derive in Sects. 5-6. The additional requirement consists in assessing the
model predictions against results from sub-mesoscale resolving simulations of the type
cited in the first part of this discussion. The first simulation corresponds to a system
forced by baroclinic instabilities and no wind (Fox-Kemper et al., 2008, FFH, 2 km reso-
lution) and the second one consists of a flow under realistic wind and buoyancy forcing
(Capet et al., 2008, 0.75 km resolution). We shall present a detailed comparison of our
parameterization with these simulation data.

To make the sub-mesoscale model results usable in OGCMs, we looked for analyt-
ical solutions of the sub-mesoscale dynamic equations and to achieve that goal, we
introduced one approximation that consists in assuming that the fluxes are mostly con-
tributed by their spectra in the vicinity of their maxima. Though this introduces errors
of several tens of a percent, the advantages of obtaining analytic expressions for the
vertical tracer flux in terms of resolved fields in the presence of both frontogenesis
and Ekman pumping and for an arbitrary Ri, was worth exploring. Following Killworth
(2005) suggestion, we adopt the approximation that due the mixed layer strong mixing,
one can neglect 7,. Anticipating our main result, the vertical gradient of the vertical flux
that enters in the original Eq. (1a) will be shown to have the following form:

asz(T) =U; . VH? (10)

where ug plays the role of a bolus velocity. Since 7, is small, one may make the analogy
with the mesoscale bolus velocity more complete by adding to Eq. (1c) the term Wg?z,
where w; is found from the continuity condition 8,wg+V,-ug = 0 (Killworth, 2005).
From Eq. (1c) we shall derive the vertical flux which we write as:

g+ Us) (1d)

where u,, , are the geostrophic and a-geostrophic velocity components, the latter being
a key component in the case of strong winds.

The structure of the paper is as follows. In Sect. 2 we discuss the dynamic equations

for the sub-mesoscale fields in the vicinity of the ocean’s surface; in Sect. 3 we apply
2162
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the turbulence closure model to the non-linear term in the sub-mesoscale tracer equa-
tion in Fourier space in the vicinity of the maximum of the energy spectrum and find the
solutions for the tracer field 7'; in Sect. 4 we do the same with the sub-mesoscale for
the momentum equation and derive an expression for the submesoscale field u’. Using
these results, in Sect. 5 we compute the spectrum of 8,F, in the vicinity of its maxi-
mum and then compute 8,F, and F, in physical space in terms of resolved fields as
well as the sub-mesoscale eddy kinetic energy K. In Sect. 6 we express K¢ in terms of
the resolved fields that, together with the results of the previous section, complete the
problem of expressing 8,F, in the presence of both frontogenesis and Ekman pump-
ing. In Sect. 7 we study the case of a strong wind when the Ekman velocity exceeds
the geostrophic one. We shall show that when a strong wind blows in the direction of
the geostrophic wind or of Vb, it tends to de-stratify the mixed layer but at the same
time it generates sub-mesoscales that have the tendency to re-stratify the mixed layer.
In both cases, “Ekman flow advects denser water over light” (Thomas et al., 2008).
On the other hand, when the wind blows in opposite directions to the previous ones, it
tends to re-stratify the mixed layer and does not generates submesoscale eddies. In
Sect. 8 we compare the model results with the data from the sub-mesoscale resolving
simulations of Capet et al. (2008). In Sect. 9 we compare the model results for the
no-wind case with the FFH simulation data. In Sect. 10, we present some conclusions.

2 Sub-mesoscales dynamic equations near the surface

Consider an arbitrary tracer field 7. Separating it into a mean and a fluctuating part,
7=T+T , the dynamical equations for the sub-mesoscale tracer field 7" are obtained by
subtracting the equation for the mean tracer 7 from that of the total field. Since this
procedure is well known and entails only algebraic steps and no physical assumptions,
we cite only the final result (for the notation, see the footnote):

DtT’ =-U.VT- QTH—QTV +0,(K,0,T')
2163
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QL=u -Vyr -u' -V, Q) =wT,-wrT, (2a)

where the function Q’s represent the non-linear terms; V, is the horizontal gradient
operator, an overbar stands for an ensemble average over resolved scales and the ver-
tical diffusivity K, represents small scale mixing processes. As expected, the average
of Eq. (2a) yields identically zero. It must be noted that in Eq. (2a) no closure has
been used for the sub-mesoscale fields. Equation (2a) formally coincides with those
describing mixed layer mesoscales tracer fields studied by Killworth (2005). The dif-
ference in representing mesoscales and sub-mesoscales lies in the scales over which
the averages (represented by an overbar in Eq. 2a), is taken: in the mesoscale de-
scription, averages are over scales exceeding mesoscales while in the description of
submesoscales, averages are meant to be over scales smaller than mesoscales but
larger than submesoscales. Furthermore, in describing mesoscales one has Ro« 1
and Ri>1, whereas in the case of submesoscales Ro, Ri~O(1). Following Killworth
(2005), we neglect the terms containing 7, and 7’,. Then, the first of Eq. (2a) simplifies
to:

T +d-VyT = -u'-Vy1-Q}, (2b)

Without the non-linear term, this equation is equivalent to Eq. (2) of Killworth (2005) for
the mesoscale buoyancy field in the mixed layer. Within the same approximation, the
equation for the horizontal eddy velocity is given by:

atu'+ﬂ.VHu'=—IO_1VHp,—U"VHU—erXU,—O/L_I/ (20)
QL=u -Vyu' —u' -Vyu' (2d)

where e, is the unit vector along z axis. Next, we Fourier transform Eq. (2b,c) in hor-
izontal planes and time. Following Killworth (1997, 2005), we keep the same notation
u', 7' for the submesoscale fields in the k—® space and assume that the mean fields
u and V47 are constant in time and horizontal coordinates when Eq. (2b,c) are Fourier
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transformed. Thus, we obtain:

i(k-@ - @)1 =-u"-Vy1-Q,
itk - - @) =-u'-Vyu-fe,xu' - Qf, —ikp™'p’
owr=-Vy-ur=—-ik-u' (2e)

where we have added the continuity equation that provides the z-derivative of w’. We
recall that 7', ¢’ and the non-linear terms are functions of the horizontal wave vector
and frequency (k, @) and z while & is a function of z only and V7 is z independent.
The solution of Eq. (2e) provides the necessary ingredients to construct the vertical flux
(Eg. 1b). On the other hand, since in the dynamical equation (Eq. 1a) we only need
0,F,, we shall write it as follows:

0,Fy =w', T + W1 ,~w,T (2f)
where in the last expression we have neglected the term w’7’, in accordance with the
adopted approximation and since it is of a higher order in z.

3 The sub-mesoscale tracer field 7’

As discussed in Appendices A, B, in the vicinity of K=k, corresponding to the maximum
of the eddy energy spectrum E (k), the non-linear terms Q. have the following forms:

QL (k @) = xT'(k, @), Q%(k @)= yu'(k @), x = koK)

Ke=1wf (@)
2

where ¢’ is here understood to be in physical space and é:k(;1 is the characteristic

submesoscale length scale. As it is stressed in the literature on this subject (e.g.,

review by Thomas et al., 2008; Fox-Kemper and Ferrari, 2008; Boccaletti et al., 2007),

2 is closely related to the deformation radius in the mixed layer, which implies that:

ky' =€~ rg=m"(N/f)h (3b)
2165
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where h is the depth of the mixed layer and N is the buoyancy frequency. Equation (3b)

can also be derived by solving the eigenvalue problem to which the submesoscale

equations reduce and which is analogous to the eigenvalue problem in the case of

mesoscale (see CD5). Substituting Eq. (3a) into the tracer equation Eq. (2€), we obtain

the expression for the submesoscale tracer field:

. u -Vﬁ’[ (30)
Y+ ilk-u-®)

where |k| = ky. As in the case of mesoscale discussed in CD5, the frequency @,
obtained from solving the eigenvalue problem mentioned above, yields the following
dispersion relation:

w(k) = k-u, (3d)
This relation can be interpreted as the Doppler transformation for the frequency pro-
vided that in the system of coordinates moving with the velocity u,, the submesoscale
flow is stationary in which case @=0. Stated in different words, relation Eq. (3d) implies

that u, is the eddy drift velocity whose expression in terms of mean fields is analogous
to that for the case of mesoscales given in Eq. (4f) of CD6:

uy = (U + %eZez x (B - f(0,L)) (3e)

where L:—V,_,E/N2 is the slope of isopycnal surfaces and B=Vf. The bracket averag-
ing is defined as follows:

0

0
(o) = / (K (2)dz/ / K2 (2)dz (3)
-h —h
Due to the smallness of the scale ¢ characterizing submesoscales, the second term in
Eq. (3e) is negligible and thus:

u, = (U) (39)
2166
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which changes Eq. (3c) to the form:

u-vyt o . —
T7=-—="  G=u-@. y=¢'%k

- , 3h
Y+ik-u (3h)

Relation (Eqg. 3d) implies that the dependence of the submesoscale fields on @ is of
the form:

A, k) = A'(k)6(@ — k - uy) (3i)
and therefore in (¢, k)-space the fields A’ depend on time as follows:
A'(t, k) = A'(k)exp(-ik - uyt) (3))

Due to relations Eq. (3i,j), after substituting Eq. (3a) in Eq. (2e), the latter may be solved
in both (@, k) and (¢,k) representations.

4 The sub-mesoscale velocity field w’

It is convenient to begin by splitting the mesoscale velocity field u’ into a rotational
(divergence free, solenoidal) and a divergent (curl free, potential) components:

u'(k) = ug(k) +up(k); ug(k)=nxe,ug(k), up(k)=nup, n=k/k (4a)
and thus the third equation in Eq. (2e) becomes:

o,w' =—ik-u" = -ikup (4b)
To determine ug p, we substitute the second relation (Eg. 3a) in the second equation

in Eq. (2e) and derive the following expressions:

. 'k _1 A _ _ _
up=f 'y +ik-Uup, up= PP u=u-(u) (4c)

1+ 2y +ik-T)%
2167
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These relations, as well as Eq. (3h), are valid in both (@,k) and (¢,k) representations.
Below we will use them in the (¢,k) representation together with Eq. (3j). To illustrate
the physical content of the second of Eq. (4c), we notice that it can also be written,
using the third of Eq. (3h), as:

. -1 !
LCI S

1 + Ro? fe
where Ro is the Rossby number. Thus, in the quasi-geostrophic approximation corre-
sponding to small Ro, the first relation in Eq. (4d) reduces to the geostrophic relation
uH—>ug=—/’k,o'1p’. However, since in the submesoscale regime typically Ro~1, one
must consider the complete expressions Eq. (4c). That is the reason why we have not
called up the geostrophic component and uj, the a-geostrophic one.

Substituting Eq. (4c) into Eq. (4b), we obtain the expression for 8,w’ which allows us
to compute Eq. (2f). NOTE. Readers not interested in the details of the derivation can
move directly to the final result Eq. (7a,b).

(4d)

5 Sub-mesoscale vertical tracer flux

The strategy used to derive submesoscale fluxes, which are bilinear correlation func-
tions, consists in computing these functions in (¢, k)-space which, in the approximation
of homogeneous and stationary mean flow, have the form:

A(t,k")B (¢, k) = AB” (k) (k - k') (4e)

and, because of relation Eq. (3j), relation Eq. (4e) does not depend on . The function
Re[A'B’*(k)] is usually referred to as the density of A’B’ in k-space. The spectrum of
the correlation function A'B’ is:

A'B' (k) = / ReA'B™ (k)6 (k — |k|)d?k (4f)
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i.e., the spectrum of A’B’ is obtained by averaging ReA’B’*(k) over the directions of k
and multiplying the result by k. Finally, the correlation function A’B’ in physical space
is obtained by integrating over the spectrum. Following this procedure, from the first of
Eqg. (3h) and using Eq. (4a,b), we derive the relation:

Rew’, 7 (k) = —Im {k;(f()( +ik-T) [m(k)n xe,+ W(k)n] } VT (5a)
where we have introduced the notation:
X2 = yP+(k- Ty (5b)
Next, from the first Eq. (4d) we derive the following relations:
Reupup(k) = xf " ugP(k), Imupuy(k) = 1~k - BluglP(k) (6a)
lupP(K) = x21*lugP(K), |u'R(K) = [upP(k) + JugP(k) = (1 + X7 )lugP(k)  (6b)

Substituting Eq. (6a) into Eq. (5a) and averaging over the directions of k, we obtain the
spectrum of w’,7’(k). Under the condition

K < K¢ (6¢)
we obtain:
Wtk = -k2072 [0 upP(K)ixe +lupP(K)E| - V4T (6d)
where:
nkluglk) = (1 + P22 E(k), ThlupP k) = (1+272F2) E (k) (6e)
E(k) = %nk|u’|2(k), P?=02K, K=Kg+K, K= %|’ﬁ|2 (6f)

E (k) is the spectrum of the total (rotational+divergent) eddy kinetic energy. Due to
relation Eq. (2f), the left hand side of Eq. (6d) multiplied by mk is the spectrum of
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the z-derivative of the vertical flux 8,F,(k). Thus, multiplying Eq. (6d) by mk, using
Eq. (6e), we obtain the following expression for the spectrum of 8,F, in the vicinity of
the maximum of the energy spectrum:

0,Fy(k) = P(k)-V,T (69)
where:
D(k) = —E (k)k272 [,yf‘1(1+,?2f‘2)‘1ﬂxez +(1+ ;?-2f2)17] (6h)

With the assumption that the spectra F, (k) and E (k) have similar shapes, integrating
Eqg. (6g,h) over k reduces to the substitution of £ (k) and F, (k) with the eddy kinetic
energy Kr and F, in physical space. The result is:

0,F/(1) = us-Vyu1, ug=-n(u-Ae,xu) (7a)
where:
K
X:TE, y = ~€f , n=x(1 +X+y2)‘1, /l=yx1/2(1 +)()'1 (7b)
K K1/2

It is worth noticing that in the second relation in Eq. (7a) the term Ae,xU is a vector: in
fact, although e, xu is a pseudo-vector (cross product of the vectors e, and u), A~f is
a pseudo-scalar (f is the scalar product of the vector e and the pseudo-vector 2£) and
thus the product is a vector.

In Eq. (7a) the velocity ug may be interpreted as the sub-mesoscale induced velocity
which is a counterpart of the mesoscale induced velocity. As Killworth (2005) noticed,
to make the analogy with the mesoscale induced velocity more complete, since in the
mixed layer 7, is small due to the strong mixing, one may add to Eq. (7a) the term
wST,, where wyg is found from the continuity condition:

O,wg +Vy-ug=0 (7c)
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To simplify the use of Eq. (7a,b), we further approximate relation Eq. (3g) by taking the
eddy kinetic energy to be constant in the mixed layer and thus we have:

0
u=u-W), K=_[u-@pP @=nh" /E(z)dz (7d)
-h

Thus, ¥ and K may be interpreted as the ML baroclinic velocity of the mean flow and
the ML baroclinic mean kinetic energy. The only variable in Eq. (7a) that is not yet
determined is the eddy kinetic energy K which we shall compute in the next section.
Before doing so and for future purposes we next derive the explicit form of the vertical
flux itself. Integrating Eq. (7a) over z with the boundary condition F,(0)=0, we account
for only the z-dependency of u within the Ekman layer. Thus, we obtain:

Fy(1) = =Ky - VT (7e)

where the submesoscale diffusivity is given by:
z
Ky = zn(U - Ae,xt), U(z)=2z"" /Edz (7f)
0
Recall that results (Eq. 7a,f) have been obtained under condition (Eq. 6¢). From rela-
tions (Eq. 7f), one observes that at the bottom of the ML, z=-#, it follows that:
u(-h)=0, Ky(-h)=0, F(-h)=0 (79)

which is a good approximation since submesoscale eddies almost do not penetrate
the mixed layer bottom (Boccaletti et al., 2007). This result supports the approximation
adopted in Eq. (2f) and in deriving the last of Eq. (7d). We also have that:

~

U(0)=0, k,0)=0, F,0)=0 (7h)
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6 Eddy kinetic energy in terms of resolved fields

Next, we determine the eddy kinetic energy K defined in the last relation in Eq. (3a).
Assuming that the production of eddy kinetic energy, denoted by Py, occurs at scales
¢, we suggest the relations:

0
Ke = C(eP )2, P¢=(F)=h" / dzF ,(2) (7i)
-h

Since Py is a power, upon multiplication by the dynamical time scale 7=2K /¢

one obtains an energy; with 8=€_1K§/2, one then easily derives the first of Eq. (7i).
A more basic justification can be found in Lesieur's (1990) book on turbulence. Fur-
thermore, since the kinetic energy equation shows that the vertical buoyancy flux F,
acts as the source of Kz, we further suggest the second relation where # is the depth
of the mixed layer. Using a mesoscale resolving simulation (Canuto et al., 2009) we
validated Eq. (7i) and in the next section, see after Eq. (17a), we validate Eq. (7i) for
submesoscales using the simulation data of FFH and Capet et al. (2008). The coeffi-
cient C is related to the Kolmogorov constant Ko by the relation, C=3Ko/2 with Ko=5/3.
Substituting Eq. (7e,f) into Eq. (7i), we obtain the following algebraic equation for K:

K2 = 20320hn(v - de, x V)- Vb (7))
where the velocity V is defined in terms of the mean velocity by the following relation:
0 z
V= —%(U) - h2 / dz( / u(z')dz') (7k)
-h 0

We notice that besides a non-trivial solution Kz #0, Eq. (7j) has the solution Kz=0 since

the variable n defined in Eq. (7b), is proportional Kz. The zero solution is realized when

the non-trivial one is not positively defined. It means that in such cases sub-mesoscale
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eddies are not generated. Thus, for simulations that resolve mesoscales but not sub-
mesoscales, the z-derivative of the vertical tracer flux is given by Eqs. (7a,b) and (7},k)
for K¢. To facilitate the solution of Eq. (7j) that yields K¢ in terms of resolved fields, in
the next sections we consider two limiting cases: 1) strong winds, 2) no-wind case.

7 Wind driven flows

In this section we show that when the Ekman velocity exceeds that of the geostrophic
mean velocity, one can derive analytical results that we shall compare with those from
the submesoscale resolving simulations of Capet et al. (2008). To obtain results in an-
alytical form, we further take the turbulent viscosity v~10"2m?s™" to be z-independent.
Under these conditions, the mean velocity field can be decomposed into geostrophic
u, and Ekman uz components; with the x axis along the wind direction, we have:

ug = Aefa(l), ve=AeB)., A=)TVRUR ¢ =2/6p 6p=(2v/f)?
a(¢)=cos¢ +sing,  B(¢) = -0a(()/d¢ (8a)

where puf is the surface stress and & is the Ekman layer’s depth. We begin by consid-
ering the case of along-front winds blowing in the direction of the surface geostrophic
velocity when the winds drive dense water over buoyant and provide favorable con-
ditions for the generation of submesoscales (e.g., Thomas, 2005; Thomas and Lee,
2005). Thus we have:

Ug = Ug+S42, V=0, U, 5,>0 (8b)

g
which corresponds to an horizontal buoyancy gradient given by:

To obtain the submesoscale flux and its z-derivative (Eq. 7e, a), we need to compute
(u), u and U defined in Eq. (7d,f) where u=ug+u,. Assuming that the mixed layer
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thickness h=-_z, is much larger than the depth of the Ekman layer so that the Ekman
number E=6§h‘2<<1 and e/% «1, from Eq. (8a,b) we derive:

@ = o+ 3Sp%. W) =A" bo=20/6¢ = ~h/0c (80)
0=Aeta(l)+Sy(z - %Zo): V=AeB() - ¢ (8e)
0=¢"46sin¢ + %sg(z —2z5), V=¢TTA(1-efcos¢ - ¢/ o) (8f)

The condition for a strong wind is
A/6 > S, (89)
Let us now study the submesoscale buoyancy flux and its z-derivative which we obtain
substituting Eq. (8c,e,f) into Eq. (7a,e) with 7=b. The results are:

_ _ 1
0,F) = ~nfS,A{[-e* B(¢) + ¢3"1+ At a() + AT'SyB:¢ (¢ - 54o)]) (%)

Let us compare the contribution of the vertical flux Eqg. (9a) to mean tracer equation
(Eq. 1a) (for 7=b) with that of the baroclinic component u-V ;7 of the mean advection
term. From Eq. (8c,e) we have

G-Vyb = rS,Al-e*B(O) + ¢4 '] (9b)

As one can see, this term de-stratifies the ML since its z-derivative is positive. Also,
we notice that in the case of a sufficiently strong wind, the parameter 1 in Eq. (9a) is
considerably smaller than unity and thus the first term in the curly bracket in Eq. (9a)
dominates. Since in this case n<1, we conclude that:

U-Vyb~-0,FF (9¢c)
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which means that sub-mesoscales re-stratify the ML. To compute the vertical subme-
soscale flux, we integrate Eq. (9a) over z to obtain:

FD = nfS,0¢Al(1 -~ 6 cos ¢ — ¢/¢o) ~ Mef sing + ZA7S,0:¢¢ - 3¢y (99)

To express the eddy kinetic energy in terms of the resolved fields, we find first V defined
in Eq. (7k). Use of Eq. (8f) yields:

A h A 1
V=Ve,+Ve, V,=—+5 V= (1 + —) (102)
2¢5 12 2¢q ¢o

Substituting Eq. (10a), together with Eq. (8c), into Eq. (7j), we obtain:

3/2
K = -C¥2enfS n(V, - V) (10b)

Recall that in real flows the mixed layer thickness exceeds the Ekman one and thus in
Eq. (10b) O>CO'1>—1. Therefore, from Eq. (10a) we conclude that V, <0. In addition,
under the third condition (Eq. 8b) Sg>0, we have V,>0. This means that the contri-
butions of both projections of V' to K are positive. In the opposite case when 5,<0,
since for the strong wind case the first term of V, in Eq. (10a) dominates, we have
V,>0, V,<0 as in the previous case. Then since n~Kg, as it follows from Eq. (7b), the
only realizable solution of Eq. (10b) is Kz =0 and thus submesoscale eddies cannot be
generated. It is worth noticing that the contribution of the baroclinic component of the
mean flow to Eq. (1a) given by Eq. (9a), has the sign opposite to that in the previous
case since now Sg<0, i.e., in this case u leads to a re-stratification of the ML. On the
other hand, in the case of a weak wind, when the S, term dominates in Eq. (10a) and
(10b), expression (10b) is positive and thus submesoscales are generated.

Next, we consider the case of a strong wind blowing perpendicularly to the
geostrophic flow so that:

v,

g = vo+ng, Ug = 0 (11a)
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and thus:
Vyb = £S,e, (11b)

In contrast with Egs. (8d—f) and (10a),

tributes to the y-projections of (u), u, U

=i, Vy=i(1 +l)_isg
22 2¢o G 12

in this case, the geostrophic component con-
and V . In particular, we have that:

V, (11c)

Substituting this relation into Eq. (7j), we obtain:
3/2
K2 = C3/2ehtS yn(V, + AV,) (11d)

In contrast with Eq. (10b), in Eq. (11d) the terms from the y component of V con-
tribute to Kz with the opposite sign compared to the term from the x component of
V. This confirms the conclusion of Thomas (2005) and Thomas and Lee (2005) that
along fronts winds which drive dense water over buoyant, provide the most favorable
condition for submesoscale eddy generation. Still, in the case of a strong wind, when
the first term dominates in Eq. (11d), there is a positive solution for K¢ if S,>0. Under
the same condition, the baroclinic component of 7 de-stratifies the ML since instead of
Eqg. (9b), we now have:

U-Vyb =rS,Aeta(() (11e)

which has a positive z-derivative. At the same time, the submesoscale eddies tend to
re-stratify the mixed layer. As one can see from Eqgs. (9b) and (11e), in both cases
“Ekman flow advects dense water over light” (Thomas et al., 2008). When the wind
blows in directions opposite to the previous ones, it tends to re-stratify the mixed layer
and does not generates mesoscale eddies.
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8 Comparison with the humerical simulations with wind

The only submesoscale resolving simulation data presently available in the literature
that include both baroclinic instabilities and wind are those of Capet et al. (2008, C8).
We begin with Fig. 12 of C8 showing the z-derivative BZFVT(Z) which we compare with

our model Eq. (7a). To do so, we assume that the direction of VHT coincides with that

of VHE and that the wind blows in the down-front direction. Then, from Egs. (7a) and
(7c,e) we obtain:

0,F] = ~nAl-6*6(¢) + &5+ Aiefa(¢) + A'S,¢(z - Sz )V (122)

From Fig. 11 of C8 we have 0.8x10™° °Cm™'<|V,T|<2.7x107° °Cm™, and thus
we use |V,f|=1.5><10'5 cm™. Next, we need the variables A, Sg, na, z,
(o=20/6=—h/6g. Though in their Fig. 10, C8 present only the absolute value |u(z)|
and not the components of the mean velocity u that are needed in Eqg. (7a), assuming
that the wind blows in the down-front direction, one can extract the data needed in
Eq. (7a, b). Specifically, we derive the following values:

Sy~5x107%s™!, A~5x102ms™", 6p~10m, h~40m (12b)

Once (12b) are substituted in Eq. (8e), one computes K defined in (Eq. 6d) while the
kinetic energy K¢ is computed from Fig. 10 of C8. With K and K, one then computes
A, n defined in Eq. (7b); as for the buoyancy frequency N, we take the characteristic
mixed layer value of N=10"3s"". In Fig. 1 we compare the profile of —0ZFVT(Z) from
Eq. (11a) with that of Fig. 12 of C8 (black dashed line). In Fig. 2, we compare the
profiles of the fluxes FVT (z)from the present model:

FI = n6gA{(1 - efcos ¢ — ¢ /o) - Aled sin¢ + %A‘189§(z —zo)l} |v,f| (12¢)

with that of C8 which we compute using C8 data for the z-derivative of the flux shown
in Fig. 12. As one can observe, the profiles of the fluxes are quite close throughout
2177
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the mixed layer depth. As for the profile of —GZFVT(Z), they are quite close in the upper
half of the mixed layer but differ somewhat in the lower half. We think this is due
to the similarity of the mean velocity profile Eq. (8a, c) with that in the C8 at small
depths and by an unavoidable difference in the lower part of the mixed layer due to the
different profiles of the vertical viscosity used here and in the C8 simulations. Though
in our analysis we adopted the Ekman profile of the mean velocity which correspond
to v(z)=const. while C8 adopted a more realistic model for v(z), the profiles |u(z)|
compare well, as seen in Fig. 3. We carried out a further test the model: we used
Eqg. (10b) to compute K- averaged over the mixed layer. The results, compared with
the value of C8 in their Fig. 10, are:

Ke-(model) » 1.6-1073m?s™2, K-(C8) ~ 2.1073 m?s~2 (12d)

which are quite close. On the other hand, from Eq. (12b) we obtain the Ekman ki-
netic energy (which yields the main contribution to the ML baroclinic mean energy)
K~1.2510"°m?s™2. Thus condition Eq. (6¢) of the applicability of the model is satis-
fied.

9 No-wind case

In addition to the case studied by C8, there are also data from simulations correspond-
ing to the less realistic case of no wind (Fox-Kemper et al., 2008, hereafter FFH) which
we consider since they serve the purpose of an additional test of our model predictions.
Following FFH, we assume that the mean velocity is in a thermal wind balance with the
mean buoyancy field and that the mean buoyancy gradient does not vary inside the
mixed layer, i.e. Ez=f'1esz,_,b is z independent. Irrespectively of the surface value
of u, from the second of Eq. (7f) and the first of Eq. (7d), we derive that:

U=—(2z+he,xVyb, U= %(z + h)e, x Vyb (13a)
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Taking T=bin Eq. (7e, f), and using Eq. (13a), the buoyancy flux is given by:

F/(2) = a(1 = Vb2, ¢=1+2zh7", a=— (13b)
af 1+x)(1+x +y2)
with:
—12
F,0)=0, F/-h) =0, F,(-h/2)=a )va| >0 (13c)

The baroclinic mean kinetic energy K near the surface is obtained from its definition in

Egs. (6f) and (13a):

K = %/727‘—2|VHE|2 (13d)
As for the dimensionless variable y defined in Eq. (7b), it is easy to express it in

terms of the Richardson number Ri corresponding to a geostrophic mean velocity
(éfm=hN):

2,2
=N _8pg Ri- N?f2 |V ;b (14a)
K T2
To solve equation Eq. (7j) for K¢, we find V from Eq. (7k) with the result:
h —
V=—exV 14

Substituting this relation into Eq. (7j), using Eq. (7b), we obtain the following relation
for x and its solution:

K i VRZ 1 26.2R1
%(23/2)/2 —(1+X)1+x+y?), x=—-L = 9Ri RI” + 26 4R (14c)
K Ri+ VR + 26.4Ri
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where C=2.5. Recall that the model prediction Eq. (7e,f) and, therefore, Eq. (13b) are
applicable under condition Eq. (6c), i.e.

x>1 Ri>15 (14d)

From the second of Eq. (14c), we further obtain that the limit Ri—oco corresponds to
Xmax~4. Substituting the first of Eq. (14c) into the last of Eq. (13b) together with the
first of Eq. (13a), we obtain:

a = 0.06|f| ' ”PD(Ri), D(Ri) = x*2Ri""/? (14e)
The first of Eq. (13b) then becomes:
Fy(z) = 0.06|f| ' h?(1 = &)V, bPD(RI), ¢=1+2zh" (14f)

To compare Eq. (14f) with the FFH data, we recall that in their Fig. 14e the authors
plotted the ratio:

_ Fy(data)

; 3
N\(data) = W 5<Ri<10 (15a)
where:
Fy(FFH) = 0.08|f|"' i2u(2)|V 4 b (15b)
u(z) = (1 - &)1 +5¢2/21) (15¢)

is the parameterization suggested by FFH. Even though the simulation data exhibit
a scatter by more than in order of magnitude, FFH interpret the line A = 1 representing
their model, to be in agreement with the data. To compare our model results with the
same simulation data, we construct the ratio:

Fy (present model)

A(model) = F(EFE) 5 < Ri< 103 (15d)
74
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To compute Eq. (15d), we notice that the profile u(z) in Eq. (15¢) has the additional
factor (1+5§2/21) in comparison with the profile Eq. (14f). The difference does not
exceed 25% and it is due to the coarse approximation we used in the integration of
Eq. (7a) over z as we discussed below Eq. (7d). Neglecting the additional factor, we
substitute Egs. (14f) and (15b,c¢) into Eq. (15d) and obtain:

A(model) = D (Ri) (15e)

where @(Ri) is given in Eq. (14f, e) which we recall is valid for Ri>1.5. Inspection of
Fig. 4 shows that in the Ri interval where the simulation data are available, the FFH
and present model are consistent.

Finally, we discuss whether the FFH flux formula Eq. (15a,b) without wind can rep-
resent the case with wind. To that end, we take the value of S in the first of Eq. (12b)
as determined from C8 simulations and substitute it in Eq. (11b). The result is:

Vyb~05x1077s72 (15f)

Substituting this result in Eq. (15b, c), and using the same mixed layer depth /=40m
as in C8, we obtain:

max F,(FFH) = 2.4 x 107 m?s~3 (15g)
If one compares this value with the realistic value from C8 (Fig. 2):
maxf; = garmaxF|, =2-10"m?s=3 (15h)

one concludes that the FFH flux formula underestimates the true flux by about an order
of magnitude. Our results confirm the conclusion of Mahadevan and Tandon (2006)
that “winds plays a crucial role in inducing submesoscale structure”.

10 Conclusions

Recently, there has been a considerable interest in sub-mesoscales which are oceanic
structures of O (1 km) size and a life time of the order of days. Though the full picture
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is still incomplete, numerical simulations of increasingly higher resolution have been
a rich source of information that serves as a test bed for parameterizations of the sub-
mesoscale fluxes to be then used in low resolution OGCMs to represent structures they
cannot resolve. If one considers that the highest resolution of about 1/10° stand alone
OGCMs can resolve structures of about 10 km size which is 10 times larger than sub-
mesoscale sizes and that OGCMs employed in thousand years runs for climate studies
can hardly afford even a 1° resolution which corresponds to structures 100 times larger
than sub-mesoscales, one realizes that a good deal of important physical processes
have thus far gone unrepresented in low resolution OGCMs.

The present paper presents a model of the key unresolved quantity in the dynamic
equations, namely the vertical flux of an arbitrary tracer which we express in terms
of the resolved fields. The results can be applied to the equations for the mean T
(temperature), S (salinity) and C (passive scalar such as Carbon). The key relations
are given by Eq. (7a, b, |, k), is to be used in OGCMs that resolve mesoscales but
not sub-mesoscales. The model predictions have been tested against the results of
sub-mesoscale resolving simulations. In future work we shall derive expressions for
the tracer vertical flux to be used in OGCMSs that do not resolve either submesoscales
or mesoscales.

Appendix A

The non-linear terms Q

As discussed in textbooks on Turbulence theories (e.g., Batchelor, 1970; Lesieur, 1990;
McComb, 1992), the stochastic Langevin equation has played a major role in turbu-
lence modeling studies (Kraichnan, 1971; Leith, 1971; a review can be fund in Herring
and Kraichnan, 1971; Chasnov, 1991). Though most turbulence models are presented
in terms of the energy spectrum, which is a second-order moment, the starting point
is always the Navier-Stokes equations (NSE) presented in the form of a stochastic
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Langevin equation in k-space:

0.u;(k.t) = ik, 1) — vy (K)K?u;(k, 1) + F(k, t) (A1)
in which the non-linear (NL) term of NSE is represented by the two terms: the turbulent
forcing f,.t(k, t) which is due to the infrared (small k) part of the NL interactions and
ultraviolet part which is represented by the enhanced k-dependent dynamical viscosity
vy(k) = v + vs(k), where v is the kinematic viscosity while v;(k) is a turbulent viscosity
discussed in Appendix B. As discussed in the references cited above, the dynamic
equation for the energy spectrum E (k) is obtained by multiplying (A1) by u;(k’) and
integrating over n = k/|k|:

OE (K) = Ay(k) = 2kPvy(K)E (K) + Ay (A2)

where the work A; is given by:
A(k) = k? / dndK (u;(K', t)f'(k, 1)) (A3)

On the other hand, the general equation for E (k) is given by (Batchelor, 1970, Eq. 6.6.1)
0,E (k) = T (k) — 2VK?E (k) + Ayt (A4)
where T (k) is the non-linear transfer. From Egs. (A3, A4) it follows that:

T(k) = A(k) — 2v,(K)K2E (k) (A5)
Within the closure model developed by Canuto and Dubovikov (1997), the form of A;(k)

is given by:

k
OE (k
A = -2 et = [pPvpidp (A0
0

The key feature of this closure is that A;(k) is proportional to the derivative 8, £ which
vanishes in the vicinity of the wavenumber k=k, where E (k) has its maximum. This
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reduces the two NL terms in Eq. (A1) to the second one only which, in the notation of
Eq. (2d,e), implies that:

Q) = Kevg(ko)t', vy =Xy (A7)

Appendix B

Turbulent viscosity v;(k)

Contrary to the kinematic viscosity v which does not depend on the size of the eddies,
the turbulent viscosity v;(k) which is due to the NL interactions, depends on the eddy
size and its sum to v is called the dynamical viscosity, v,(k)=v + v;(k). The search
for a suitable expression for v;(k) dates back many decades and the first explicit ex-
pression is the heuristic one proposed by Heisenberg as discussed in Batchelor’s book
(1970, Sect. 6.6, Eq. 6.6.13),

[ee]

k) =y [ poPE () 2dp, v = O(1) B1)
k

where E (k) defined in Eq. (A2) is the kinetic energy spectrum whose integral over all
wavenumbers yields the eddy kinetic energy K. As discussed by Batchelor, Eq. (B1)
was successfully used to derive the Kolmogorov spectrum. A non heuristic derivation
of v;(k) has however been lacking until recently with the advent of methods to treat the
Navier-Stokes equation borrowed to a large extent from quantum field theory. A full
presentation was made by the present authors in 1997 with the final result:

oo

) = ( + 5 [ PE(P)dp) 2 (B2)
k
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Equation (B2) has several interesting features worth discussing. First, it says that
an eddy of arbitrary size (~k'1) feels the effects of all the eddies smaller than itself,
as the integral begins at k and accounts for all the wavenumbers from k to infinity.
Equation (B2) naturally reduces to the kinematic viscosity v when the size of the eddy
is very small and k tends to infinity. Due to the presence of the kinematic viscosity,
Eq. (B2) is valid for arbitrary Reynolds number since it can be rewritten as:

v,(k) = v[1 + Re(k)?]'/?, Re(#) (B3)

If one employs the Kolmogorov spectrum E(p):Koez/sk‘s/s, one obtains in the large
Re regime:

3Ko £2/3
. — (24 SROC V172 o1/3p4/3
Re>1:vi(k) = (v° + 6 ks/s) e'’~g (B4)

which is the well-known Richardson 4/3 law diffusivity ~o3, Finally, relation Eq. (B2)
shows that there is no such a thing as a unique turbulent viscosity since each eddy
feels its own turbulent viscosity. In Egs. (2e) and (3a) we are interested in the function

vi(k)~v4(k) in the vicinity of the maximum of the energy spectrum k=k,. Assuming

that most of the energy is contained in that region, from Eq. (B2) we get vd~k61K;/2.

Thus, from Eq. (A7) it follows
QY = koK 20 (B5)

which is the closure form in Eq. (3a). The closure for the tracer field is analogous.
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