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Demonstration of Eq (1): Linear Regression of a Heaviside function with the Ordinary Least Square

approach

This appendixaims at demonstrating the equation (1) referenced in the paper. This equation is used
in the paperasanillustration of how the estimation of the trend of a time -series is impa cted by a
jumpina time-series. The jump is translated by a Heaviside functionand the trend is estimated with

the Ordinary Least Square method.

The following notations are used:
o v = (yi)o<icn €ER™is the discrete sampling of a Hea\iside function with i, <n € Nand
b, € R* such that:
vie[0,i; —1],y;=0

(1)
Vi € [i,,n —1],y; = by,

o B =(B)o<icn ER™ isthe parameter vector representing time with a constant sampling

period p and 8, = 0. Therefore,

vielo,n—11,8, =p =i (2)
1 Bo
e Be R™2jsamatrixpartionnedasB = | : ¢ | The parameter vector f§ is strictly
1 .Bn—l

monotonic (itis the time), therefore B has rank 2 (i.e. BT Bis invertible)

o X= (¥0,X7) € R? are the estimated linear regressors with the Ordinary Least Square (OLS)

approach such thaty — BX is minimized. X, is the estimated interceptand X3 the estimated

trend.

According to the OLS approach:
~ -1
X=(8"8) BTy (3)

After a few manipulations, ( 3 ) boils down to

Xy N B X yiBi Cov(y,B)

4
*1 n2Var () © Var(B) e

where Varis the variance and Cov the covariance.

Now, ifitis applied to the case of a Heaviside function -see ( 1)-one maydeduce from ( 4):



-1 n-1
ﬂznVai(ﬁ) g(‘y)(ﬂi‘5)+g(bu—f)(ﬁi—ﬁ) (5)

(5 may be simplified using ( 1):

n— n—1
12 _12 _b,(n—1i.)
n Y ,yl_ n

ic—1 n—
2= nVar([)’) n z (e — n) z
ic_l n—-1
1= n?Var(p) n Le
i=0 l=0
Moreover, by definition,
n-1
(ﬂi - E) =0
i=0
___~hy Z ( —) (6)
Z*= nVar(p) bi=F
i=0
Using (2), we hawe:
1n—1 2(n2 — 1)
_ = 2_p2_bA" 71
Var(§) nz Bi=F 12
i=0
and
ic—1
AN pic(ic —n)
> (pi-5) =2
i=0

Therefore (6 becomes:

___ bbyi(n—1i.)
T om0

This equation may be expressed as a continuous function of the time period t consideringt = pn
and t, = pi.:

6b,t.(t —t.)

5O ="

(7)

And ( 7) is Equation ( 1 )in the paper. QED.



