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Abstract. The balance of long-shore momentum flux re- upstream and downstream momentum fluxes. This terminal
quires that the solution cfonally retroflecting currents in-  size is unrelated to the ultimate detachment and westward
volve ring shedding on the western side. An important as-drift due to 8. Our analytical solutions are in satisfactory

pect of the ring dynamics is the ring intensity(analogous  agreement with the results of a numerical model that we run.
to the Rossby number), which reaches its maximum value
of unity when the upstream potential vorticity (PV) is zero.
Friction leads to a slow-down and a decrease.iiThe main

difficulty is that the solution of the system of equations for

conservation of mass and momentunzohalcurrents leads  pecent hypotheses regarding retroflecting currents, such as
to the conclusion that the ratieb§ of the mass flux going  ihe North Brazil Current, the Agulhas Current (AC), and

into the rings and the total incoming mass flux is approXx-the East Australian Current, have put forward the idea that
imately 4v/(1+2«). This yields the “vorticity paradox” —  (jngs are shed primarily by inertial and momentum imbal-

only relatively weak ringsq<1/2) could satisfy the neces- gnces, rather than by local instabilities, upstream variabil-

sary conditiond<1. Physically, this means, for example, iw, or coastline curvature. For example, regarding the AC
that the momentum-flux of zero EV currents upstream is SQwhose rings play a very important role in the exchange be-
high that, no matter how many rings are produced and, nQyeen the Indian and the Atlantic Oceans), this suggestion
matter what size they are, they cannot compensate for it.  js sypported by observations that the Agulhas eddies corre-
To avoid this paradox, we develop a nonlinear analyticalspond to a primarily zonal protrusion of the parent current
model of retroflection from a slantegbon-zonalcoastline.  and are typically larger than rings produced by instability.
We show that when the slant of coastling éxceeds merely  Ou and De Ruijter (1986) argued that the curvature of the
15°, ® does not reach unityegardlessof the value ofe.  South American coast forces the coast to “separate from the
Namely, the paradox disappears even for small slants. OUAC” rather than the AC to separate from the coast. Under
slowly varying nonlinear solution does not only let us cir- sych conditions, inertia forces the current to make a loop that
cumvent the paradox. It also gives a detailed description of|oses upon itself, forming a ring. Nof and Pichevin (1996),
the rings growth rate and the mass flux going into the ringsand Pichevin et al. (1999) proposed a purely inertial mech-
as a function of time. For example, in the case of zero PVanism of ring formation, in the context of a reduced gravity
and zero thickness of the upper layer along the coastlinemodel in which the retroflection of zonallyflowing current
the maximal values ob can be approximately expressed as, js “prescribed” through inflow conditions. It was shown that
1.012+0.32exg—y/3.41)—y/225. Interestingly, for sig-  taking into account the development of eddies on the western
nificant slants(y >30P), the rings reach germinal sizecor-  sjde allows one to balance the alongshore momentum flux,
responding to a balance between ffidorce and both the  that is, to resolve the so-called “retroflection paradox”. The
theoretically obtained periods of eddy formation were shown
to be roughly in accordance with the observations, although

Correspondence tdD. Nof the obtained radii were about twice as large as typical ob-
BY (nof@ocean.fsu.edu) served values. As an integrated constraint, the solution did

1 Introduction
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10 o0 00 100 s0°€ tribute to the near-surface return flow of the North Atlantic
: ' x° Deep Water (NADW) from the Pacific and Indian Oceans to
the North Atlantic. The annual transport (into the South At-
lantic) associated with an average Agulhas ring is estimated
to be between 0.4 and 3.0 Sv (de Ruijter et al., 1999), with
correspondingly large ranges in the heat and salt anomaly es-
timates. Estimates of the rings’ radius vary. For example,
while direct observations suggest that “Astrid” was 140 km
3 in radius (van Aken et al., 2003), the METEOSAT satel-
lite data points to 162 km (Lutjeharms, 2006). Since there
? b | sos are several rings shed every year, their common transport
e @ o T - is 3-10 Sv representing a significant part of the meridional
— — overturning circulation (MOC). Weijer et al. (1999) showed
‘ that the saline source of Agulhas water stabilizes the MOC
whereas the fresher cold-water flux from the Arctic Ocean
destabilizes it.
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Fig. 1. A conceptual portrayal of the AC system. Areas shallower
than 3000 m are shaded. The edge of the continental shelf is repre- .

sented by the dotted line at the 500 m isobath. Intense currents an?:i'2 Theoretical background
their component parts are black; the general background circulation

is indicated by open arrow. Cyclonic eddies are open; anti-cyclonicThe retroflection process in question involves two different

rings and eddies black. Adapted from Lutjeharms (2006). aspect.s. First, within the context ofla 1.5-layer model, Nof
and Pichevin (1996) showed that, in the case of a nearly

zonal coastline, westward-drifting rings must be generated

not allow for detailed calculations of many details such as thel© resolve the so-called “retroflection paradox”. On the other
rings’ growth rate. These detailed calculations, which werehand, in the case of exacttyeridionally directed incident
not done in the earlier studies, are the focus of the preserfurrent,noeddy detachment has been exhibited in both ana-
work. lytical and numerical models (Arruda et al., 2004). Namely,
Observations suggest that the rings mass transport into thif the ratio of mass flux going into the eddies and incom-
Southern Atlantic is about 3-20% of the total mass flux of Nd fluxis denoted byb=(Q—¢)/Q (whereQ andqare the
the AC (Lutjeharms, 2006). Using the slowly varying ap- Mass qu>§es of incoming and retroflected curren'Fs), thes
proach, we will show here (analytically and numerically) that Maximal in the case of zonalboundary and zero in the case
the approximation of a purelgonalretroflection (Nof and ~ Of & strictlymeridionalboundary. Thereforep is expected
Pichevin, 1996) leads to the conclusion that only weak ed-{© be monotonically decreasing as a function of the coastline
dies (i.e., whose vorticity is small) can be formed. We will Slanty. _ _
refer to this peculiar aspect as theotticity paradox. The second important aspect is the eddy radkis (For
We shall show that one way to circumvent this paradox isthe related case of ballooning outflows (i.e., outflows from a
to considerslanted coastlines instead afonalones. This Narrow channel on ayi plane), Nof and Pichevin (2001, NP,
does not reallyesolve the paradox but it does take us away Nereafter) and Nof (2005) showed that the basic eddy (i.e.,
from it allowing us to derive a detailed solution. Accordingly, (€ €ddy next to the channel mouth, hereafter referred to as

- . . . 4 . . B
we shall focus on the role that thegleof the coastal slant BE) radius increases with time a¥*. A similar behavior
plays in the AC retroflection. Our solution will show that is to be expected in our present case of currents retroflecting

an increased slant of the coastline leads to a decrease in tlf_@m_ zonalcioasts_. However, as mlentloned, eren ;he coast-
mass flux going into the rings. In the limit of a meridional 'IN€ iS nearlymeridional ¢ is nearly zero so that the eddy

boundary (99 slant), no eddies are formed growth rate is nearly zero. Consequently, the final radius,
' Ry, is expected to decrease as the slant increases.

The effect of a coastal slant on these aspects is, evidently,
essential. Some of this was recognized before — the im-
The AC, whose estimated transport is about 65—70 Sv (GorPortance of coastal geometry was mentioned by Ou and de
don et al., 1987), is presently the strongest western boundarffUiiter (1986), Boudra and Chassignet (1988), Chassignet
current (WBC) in the world ocean (Fig. 1). It is an important and Boudra (1988), de Ruijter et al. (1999), and Pichevin et
part of the subtropical “super gyre” whose southern bound-8l- (1999). However, none of the above points to the issues
ary is largely determined by the position of the zero wind that we are gddressmg here, the S|gn|f|cance of the AC inten-
stress curl (de Ruijter, 1982). The rings shed from the AC areSiy and the issue of eddy generation.
responsible for transporting most of the water masses from
the Indian Ocean into the South Atlantic and, therefore, con-

1.1 Observational background
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1.3 Present approach I
N

As mentioned, we will develop a nonlinear retroflection
model (Fig. 2) using the slowly varying approach suggested
by Nof (2005) and will include a nonzero slant)(and a
finite thickness of the upper layer surrounding the retroflec-
tion (H). We shall consider here the development of the BE
before its detachment, which is due to t{Benduced west-
ward movement. We will show that an increased slant of the :
coastline slows down the rings’ growth rate and leads to a J/ J/

:x—rq

rapid decrease i. As mentioned, this will enable us to
avoid the “vorticity paradox”.

The paper is organized as follows. In Sect. 2, we will
discuss the “vorticity paradox” in relation to the retroflec-
tion from zonal coastline, and then deduce the governing
equations that control the development of BE in the case of
retroflection from aslantedcoastline. In Sect. 3, we derive
the analytical expressions for all the terms in these equations
and in Sect. 4, we will present the numerical resolutions.Fig. 2. A schematic diagram of the model under stuslyis the cen-
Section 5 is devoted to comparisons of our results with nu-ter of the BE. In the (rotated) coordinate systgris directed along
merical simulations, and Sect. 6 summarizes our results.  the coastline, and is directed normal to the coastline. The incom-

ing flux Q flows along the wall whereas the outgoing (retroflected)
flux ¢ is directed to the east. The widths of the currentsdarand
2 Statement of problem do, respectively. The “wiggly” arrow indicates the migration of the
BE; it results from both the eddy growth, which forces the eddy
gaway from the wall, and frong, which forces the eddy along the
wall. We shall see that the migratiary, (¢) is primarily due to the
growth, wherea%’s (¢) is primarily due tog. The thick grey line
(with arrows) indicates the integration pathBC DA; 7 is the up-

-C,(t)

This section contains the physics of the problem and th
mathematical approach. Following Pichevin et al. (1999),
we consider a boundary current (with dengij)yembedded in

aninfinitely ‘?‘eep' ;tagnant lower '?‘Yer with densjiyH{Ap). per layer thickness of the stagnant region wedged in between the
The current is flowing along a rectilinear wall and retroflects upstream and retroflecting current, aHs the off-shore thickness.

(Fig. 2). The cause of the retroflection is not important for the segmenD, D3 is involved in the expressions containipg
our consideration but one may assume that it is due to a van-

ishing wind stress curl. The wall is nabnal— theslant(y)
varies between zero for a zonal coastline arftiféa merid- «. This is because, in the NP outflow problem, the momen-

ional coastline. _ ~ tum of onlyonecurrent needs to be compensated for by the
Following NP, we will use an expansion in rings whereaswo currents need to be compensated for in
¢=(BRa/f0)~0(0.01), where Ry is the Rossby radius e retroflection case discussed here.

and fo the. mean absolute vqlue of Cor?olis parameter. (All Following the NP approach (see their (3.2b) where
of our variables are conventionally defined in both the teXth=2*3/2R), we find that the volume conservation for a

and Appendix A.) The small parameterrepresents the retroflecting current is
relation between the scale of the eddy and the Earth’s radius. ’

We shall consider either a BE whose PV was nonzero to AV 7a2—a) f2R3dR

begin with, or an eddy whose PV has been gradually alteredp — g = — = —"—- "= — — )

by frictional processes over a very long period. We shall dt 4g' dt

suppose that the BE main orbital flow{ is, whereg’ is the reduced gravity, ankl(z) is the radius of BE.
_ afr Similarly, the momentum-flux balance forzanalretroflect-
W=, s L 1 ing current yields (instead of (3.3b) in NP),

where f , the Coriolis parameter, is nearly constant at the afR(Q +q) B

scale of the eddyy measures the eddy intensity (and is twice — ———— +C, // fhdxdy = 0. 3)

the familiar Rossby number), and the bar indicates that we 2 .

speak about the basjtplane state. Note that, for an incom-

ing flow emptying into the ocean through a narrow channel, The first term is the momentum flux of the upstream and
NP showed thatb=2«/(20¢+1). In that case, there is no retroflecting current whereas the second is the integrated
“vorticity paradox” because@ is smaller than unity for all  Coriolis force associated with the movement of the eddy off
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the wall. As in NP, we assume thal,=dR/dt and get a

second equation fop andg, 32%” hacs 3 (hu*z) . 3 (hu*v*) falﬁ
7(2—a)f2R3dR oot ot aE an aE
Q+q:TE’ (4) g " 9n2
—fhCy+ —= =0, (7a)
which, with Eq. (2), gives, 35
4o 2 *0 0% *2
- , 6) 9%, 0C; 3 (v 3 (hv*?) 9y
14 2 agar o T S
Recall that, according to mass conservatidnis a ratio of ¢ 9h?
the mass flux going into eddies and the total incoming masst f1Cs + & — = (7b)

2 8
Here, f =— fo+B& siny, where fg is positive for the South-
only in the case of weak eddies wher1/2. This is be- €M Hemisphere. The stars indicate that the variable in ques-

cause, in the strong inertial limik(arger than 12), the mo-  tion is in the new, moving coordinate system. As in NP,

mentum flux of the retroflecting current is just too high for Ed- (7b) cannot be used because, with our approach, it is

rings to compensate for it, no matter how many rings thereMpossible to calculate the pressure exerted by the wall on
th

flux, so it cannot exceed unity. This introduces the “vorticity
paradox” — the problem hagxaysically meaningfudolution

are and, no matter how large they are.

We shall circumvent this paradox by varying the thickness Next, Eq. (7a) is integrated over the area bounded by the

of the upper water near the wally), the off-shore thickness
outside the retroflection regio(), o, andy . We will use an
off-shore and a long-shore coordinate systényj moving
with the BE (Fig. 2) involving the familiar transformation
formulae & =x cosy+y siny, n=—x siny+y cosy.

2.1 Conservation of volume

The integrated volume conservation equation is,

d//hdd— _
E‘ §dn=0 —q.

(6)

thick grey arrowed line shown in Fig. 2. Using Stokes’ the-

orem, and taking into account thaf/d&=g siny, one ob-

1,2
¢

9 _ gryisiny — fic,

tains,

oy
at

ik
//[h

Followmg NP, we now introduce a “fast” time scale,
~0(fy), and a “slow” time scale;-O(BR,) L. We will
see that, such a definition of time scales, is valid not only

} dédn =0 ®)

Recall that the relationships between our moving coordi-when the BE is well developed but also at the beginning of

nates¢ and n, time ¢, andgC 7, f in the fixed system are:

E=E— ngdt n=n— fC dt, andf=t. Following NP, we

will assume that the shape of the BE is nearly circular. We

will see (from our numerical simulations) that this approxi-
mation is satisfied for the mean, but not for very smalbe-
cause, in this limit, the BE is very large. Our next important
point concerns the magnitude @f In the earlier studie®,

was found to be nearly constant. In contrast, we will show

here thaly, and thereforeb, will vary dramatically in time,
implying that the differential equations describing the growth
of the BE are strongly non-linear.

2.2 Momentum flux

We first introduce the stream-functiogy, defined by
ay/on=—hu*dy/0&=hv*. This is allowable because, with
our slowly varying approximation, the vector figld* is ap-
proximately non-divergent. Using the continuity equation,
we write the momentum equations in the form:

Ocean Sci., 4, 293206, 2008

the BE developmental stage. With the slowly varying ap-
proximation one neglects the time derivatives in the momen-
tum equations upfront (i.e., the terms containing/d: and

dCg /0t in Eq. 8) but keeps the time dependent terms in the
bulk continuity equation. We point out in passing that, be-
cause of the eddy is radially symmetric, the first time de-
pendent term in Eq. (8) is negligible even without the slowly
varying approximation.

Geostrophy of the one-dimensional upstream currents im-
plies that we cannot take=0 outside the retroflection region
because, with zero thickness outside, there is no net volume
flux going into the rings. Hence, the thickness off-shore will
be taken to bél. The slowness of the BE generation process
enables us to assume geostrophic balance along the down-
stream retroflected current. Nof and Pichevin (1996) showed
that, in such a case, we may neglect the sum of the terms
g'h?/2 and— f (integrated oven) in Eq. (8), assuming
to be zero outside the BE. The termku™v* integrated over
& is also negligible becaus&=0 along the wall, and distur-
bances outside the BE are small. Finally, the main contribu-

Ay
tions to the integraﬁ’gq;hu*zdn are [ hu*?d (—n), from the
A

WWWw.ocean-sci.net/4/293/2008/
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D1
incoming current, and/ hu*2d (—n), from the retroflected IN
Do y
current. Itis easy to demonstrate that the last term is equal tc I _
D3 | - LB/ /[ O e SAL
f hu*?d (—y) x cosy, where D3 D5 is shown in Fig. 2. In d, A —=Q _
D3 SRA ——<h=h
view of this, we re-write Eq. (8) in the form: -G (1) dJ q
=H A,
F1+ Fcosy — F3 — Fasiny =0, 9) (P+AP) |
Aq D3 3
where Fi= [ hu*2dl, Fo= [ hu*?dl, F3=C, [[ fhd&dn, ) -6(1)

A
andFa=p [ [ [y dgdn.
.S . Fig. 3. A schematic diagram of the model in the special case of a
Equation (9) represents a balance of four forces. The firsto,) coastiine. Here, we use the coordinate systemy). The

term is the force (i.e., momentum-flux) produced by the in- fiyxes 0 andq are separated by the streamline a0 andy=—dj,
coming current flowing along the slanted coast. The secondo that the combined segmenti» serves as an analog of botht |

is the force of the zonally retroflected current downstream.and D,D; shown in Fig. 2. The “wiggly” arrows show the mi-
The third is the integrated Coriolis force resulting from the gration of the eddy (southward on account of the BE growth, and
growth of the BE which forces its center to migrate off-shore. westward due t@).

Finally, the fourth is an equatorwaggtorce resulting from
the counterclockwise rotation of eddy particles within the BE )

(in the Southern Hemisphere). We note that, in the third term3-2  Properties of the— 0 case

both €, and f are negative; for the Northern Hemisphere, In this case, the incoming and retroflected currents are joined

Eq. (9) remains the same, but with positig and positive (in the sense that; coincides withDy), so that instead of

f. In the case,=90C", Eq. (9) takes the form of the merid- having two segments we now have one combiAdes. For
ional momentum balance considered by Arruda et al. (2004), . . . . "

convenience, we re-drew this special case (Fig. 3) introduc-
Because the BE can only touch the wall, we do not expect

the so-called “image effect” to be important and neither do'n9 the new notations and returning to the original coordinate

we expect leakages of the kind discussed by Nof (1999) tosystem(x, y). The integration segment faf; is nowA; A2

be important. Unfortunately, we know of no scaling that can So that we have,
support these choices and we will make these two assump- d

tions with the understanding that the numerics will provide g, — /thd(_y)’
the test for their validity. We shall see that the neglect of

these two processes is indeed justified.
d1+d>

= / hu?d(—y),
3 Analytical approach

d1
3.1 The “small distortion approximation” Fyq= ’B/f lvr| dxdy, (11)
S

We assume that our problem is slowly varying in time, and

that the BE boundary is approximately circular. We note thatwhere the expression fdt; remains the same as before, and
the BE does not have to conserve PV on the long timescalej; andd» are the widths of the incoming and retroflected
but must conserve it on the short timescale. Namely, at eacleurrents.

moment of time, the PV of the BE must be equal to that of We introduce the polar coordinate systémd) centered
the retroflected current. However, the frictional effects canat E and assume that Eq. (1) applies, where— fo. We
accumulate over the long time period to become significantalso require conservation of the Bernoulli integral along the
and, hence, can alter the PV. We can re-write Eq. (6) in theouter edge of the retroflected currehts(H) and the BE so

form: that one of our boundary conditions is,

dv C(fOR

E = Q - q’ (lo) u |y=*(d]_+d2) = ul = 2 ’ X Z 05 (12)
where Vis the BE volume (to be expressed as a function ofwhereu; is the absolute velocity along the outer edge.

its radius). Since our present analysis is inviscid, the condition of a

continuous velocity across the streamline separating the up-
stream incoming and the downstream outgoing currents does

WWWw.ocean-sci.net/4/293/2008/ Ocean Sci., 4, 208-2008
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not have to be satisfied. We do satisfy, of course, the conti- Next, we use the volume fluxes relationships,
nuity of velocities along the streamlines passing through the d

: i - —(d1+d2)
cross-section connecting the currents and the BED{, i
0= / hudy, g = — / hudy. (29)
Vg lx=0 = ulx=0. (13) 0 “dr

And, we also satisfy conservation of the Bernoulli integral Substituting Egs. (16) and (18) into Eq. (19), and solving the
along the wall, equations for/; anddy, we finally have,

u }y:O =—u3, x>0 (24) di2=R—é12, (20)

For simplicity, we shall suppose that the velocity in the in- Where

coming and retroflected currents depends linearly pal-

lowing the above-mentioned velocity jump along the sepa-

rating streamliney=—d1). 81 = [
Although a velocity jump across a streamline is in general

allowed (in analogy to the slip condition), we introduce the 12

initial conditions in a manner that allows continuous veloci- 5 — | R2 — 48" (;} _ H) 21)

ties. To do so, we assume that, initially, when the BE starts’? — O‘foz ’

to develop, a complete retroflection occurs, so thaiy and

di=d>. To satisfy Eq. (13), we tak@=d; andu |y,—_4, =0 . , 200 1/2

at7=0. Furthermore, the growth of the BE in time implies # = [ho +— ] ;

R> max(dy, d2); and, therefore, from Eq. (13) we deduce for 8

g 1/2
R —a—ﬁ(h—ho)} ,

the incoming current in the regiore0, 2 — 1/2
H = [h% " fo(Q/ 61)] 22)
R—d
— _Ll) at y = —dl, (153) ~
R Using Egs. (18), (20), and (21), it is easy to show that
and, for the retroflected current, aty=—d, andh=H aly=—(d1+d>), as should be the case.
The solution will be completed in the next subsections.
_m(R—dy ty = —d (15b)
= R ary = —d. 3.3 The balance of forces in the—0 case

For the linear current velocity profiles, Egs. (12)—(15) yield: To obtain the expressions fafy and F», we substitute
Egs. (16), (18), and (20) to (22), into Eq. (11). After some

"= “-_zfo(_y —R), 0<-—y<d; algebra, we find,
afo o3 fh o2 f2ho
= (—y+R—-di—dy), di<—-y<di+da. (16 =—-0 5_5§3R243s° 0 3_s3
u= = (-y 1=dy), di<-y=ditda. (16)  R=c - (2R5-553 R?+35%) + 2 (R*-53). (23)

Both currents are geostrophic so that,

3 4
o f
9h _%Jo 5_£(s2_52) p3_£s3p2, 55253 955
O — Luty ~ Luiy. a7)  Fe=ggay |2R°-5(01-5) Ko-sR*+sofs3 258
dy g g
Integrating Eq. (17) with a substitution of Eq. (16), and tak- +0‘2f02h0 (R3 _ 83) (24)
ing into account thak should be continuous across the sepa- 12 2):
rating streamline between the incoming and retroflected curynere Egs. (21) and (22) have also been employed.
rents =—d1), we obtain: The leading-order expressions f6g and F, can be ob-
2 tained by using the polar coordinate systéenv) with the
o . .
h=-7 Oy (@R +y)+ho, 0<—y<d, (18a)  basic equation,
8 —2

Vg _ ,0h

i = —, 25
and , + fg=¢ ar (25)

oefo2 wherevy is given by Eg. (1), and the boundary condition of

h= 4g' {=y[2(d1+d2—R) +y] +-2d1 (2R—d1—d>)} continuoush is, h=H atr=R. The approximate solution is:
+ho, di < —y <d1+d>. (18b) a(2—a)f2

hr) = —g /o <R2 —~ r2> +H. (26)

Ocean Sci., 4, 293206, 2008 Www.ocean-sci.net/4/293/2008/
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3.5 Combining the mass conservation into the momentum

R
The volume of the circular eddy ¥=2r fh(r)rdr, which .
0 flux in the most general case>0

together with Eq. (26) yields,
- To close the system of differential equations, we use the mass
2| e@-a) fFR conservation equation. Substitution of Egs. (27) and (22) into
V=rk [ 6e A @7 gq. (10) yields:

Therefore, under assumption th@f=—d R/dt (i.e. the epi- 0—g=21R 05(2—06)f02R2+ 24 2fo(0—q)1"?
center of BE moves out of the coast but this eddy itself = 8¢’ 0 !
touches the coastline),
dR 7f R? dq
o |a@—a) fER? dR e 172 g, (31)
Fo=nk/o [T A (28) [(h0? + 270’0 — 0]

Defining F4 in the same manner as in Nof (1981), we obtain Y& note that, in the special case of a steadily retroflected
from Egs. (1) and (26) that current (i.e.,dq/dt=0), the second term disappears. As it

turned out, this term is small and can be neglected even in
R the case of the unsteady retroflected current. Specifically, the
Fy= 271/3/r || dr, numerical solution, which will be briefly described below,
5 shows that the second term relative contribution is no more
than~0(0.01). With this neglect, we get a quadratic equa-

where tion for (Q—¢q) whose physically relevant solutior0¢&q)

. ’ 2 o) £2 (R2r—r3 IS,
w:/‘%hd}":@ 0{( Ol)fo ( r—r )+I"H d}", 2 _ 2552

2 8¢’ w | ol a)foR
R R 0—-q= ? T + fou
giving, 12
a2 — oz)f3R2u

7'[0[,3foR4 a2 — ) fOZRZ + |:(f0ﬂ)2 + + + (g/hO)z ) (32)

Fp= 3 24g/ +H|. (29)

whereu=2r RdR/dt. At this point, substitution of the mass
3.4 The general force balance in the-0 case conservation Eqg. (32) into the geostrophic and circular con-
ditions Egs. (21), (22), and the momentum (30) leads to our
Finally, Eq. (9) with Egs. (23), (24), (28) and (29) gives a desired single differential equation (of the first order) for
nonlinear equation faf R/dt, as a function of with the known parameterg, ho, g’, fo.
a, B, andy. This equation is extremely cumbersome (occu-
pying more than a full page) and, therefore, is not presented
[2 (1+ cosy) R® — 5cosy (5% - 8%) here.
For the initial conditions at=0, we take the initial radius
R; of the BE to coincide with the width of incoming current
di. Therefore, it follows from Eq. (20) thay =0, and from
Eq. (21) fors; we conclude that

(afo)®
240

R®-5 ((Sf + 83 COSy) R?

2 /
o h
+ (35? + 58253 cosy — 265 cos;x)] + % ()2
2 [ (7 =)
Ri=—|——+ . 33
[(1+COS)/) R®— (8%+8§ COSy)] —7R? " fo o (33)
) dR  afR? a2 — a)fész Our complete desired solgti(_)n will be shortly presente_d. Be-
H ar + 8 + 16 fore doing so, however, it is necessary to re-examine the
scales in the initial conditions. This is done in the next sub-
JR SR? section.
(07
— sin =0. 30
( dt + 12 y)} (30) 3.6 Examination of the instantaneous initial formation limit

Note that Egs. (21) and (22) were also used in the derivationSince the initial conditions involve the instantaneous creation
of an eddy, it is not a priori obvious that our earlier short-and-
long scales are valid at that time. We shall now show that
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Fig. 4. The theoretically calculated zero PV BE radius versus time
fory = 00 (solid thick line), 1% (dashed thick line), 3(dash-and-
dotted thick line), 48 (solid thin line), 6@ (dashed thin line), and

Fig. 5. The same as in Fig. 4, but for volume flux partitidn
The dotted “dead line” shows the limit of physical relevange-Q,
A ®=1). The physically impossible positioning of the solid line (no
75” (dash-and-dotted thin line). The parameters are1, =0, slant casepbovethis line corresponds to the “vorticity paradox”.

- ~11 11 i lne fime. ;
and ﬁ_,Z'BXlO 1 4m s The S(,)“d line time dependency IS That impossible positioning disappears even for a small slantof 15
proportional tor1/4. Note that the rings usually reachterminal {dashed line)

size. The shaded region was determined from the one-and-a hal

layer model numerical experiments and denotes the time at which

the eddies detach. This detachmentissue is beyond the scope of this

paper and will be addressed in a companion article. 4 Numerical solution of the ODE system

We solved the system Egs. (30), (32), which is subject to
this is, nevertheless, the case. To do so, we first note fromne initial condition (33) by using the Runge-Kutta method
Eq. (32) that, of the fourth order. We used the following parametric

1 dR 4¢'0 values: Q=70Sv; g'=2x10"2ms? fo=88x10"°s!
TR dr| = 7aC— 0 PRE (34)  (corresponding to 350f latitude). We took the values
0 ma(2—a)fg zero and 300m forhg, and the values .3x10~1! and

and, second, we note that, fog=0 and=0, Eq. (33) takes 6x10*m~1s! for B. The values otx andy were var-

the form: ied between 0.1 and 1.0, and between zero degrees &nd 89
1/21/2 respectively. For the case of zero PV and zero near-shore
2 | (2fog'Q) / thickness, the evolution the BE radius with time is shown in
Tl ’ (35) Fig. 4. Here, the theoretical evolution at infinity is not very
far from the value at=250 days. It is seen that, although the
where, as before, the subscript “i” indicates the initial condi- radius increases monotonically for any value/ofts growth
tions. for nonzeroy quickly becomes very slow, and there exist
Substituting Eqg. (35) into the right-hand side of Eq. (34) asymptotic values oR that decrease with growing. Phys-
leads to: ically, these asymptotes correspond to the balance between
1 dR a the combined effect of; and F», and the8 —force,F4. The
Rdl| “Ee—w (36)  analogous picture farp=300 m is similar, but the asymptot-

ical values are somewhat smaller. The maximal difference
which is valid at the initial time. We now further note that s for y=75° for which we obtain an asymptotical value of
the right-hand side of Eq. (36) is maximal fg£1 (i.e., zero 181 km instead of 195 km.

PV here we recall that cannot exceed unity because the PV e the growth of the BE diminishes, only a very small

of the eddies cannot be negative), so that, part of the incoming mass flux goes into the BE. This is
1 dR 1 shown in Fig. 5, which display® as a function of time
TR dr | = 8x ~ 0.04, for a=1, ho=0. It is seen that, only when the wall is zonal

. . o (y=0), ® increases monotonically. The corresponding curve
implying that, even at the beginning of the BE development,intersects the “dead line” cunve=1, indicating that the vor-
the scale/R/dt is much smaller than the scafgR. ticity paradox occurs in the area above this line. Finally,
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@ approaches an asymptotic value, which is close to 4/3 35
Wheny #£0, the graphs quickly reach their maximal vaIues,R | ()
which decrease with growing, and then go down and ap-
proach zero. Increasiny leads to a slight increase in the
peaks. We see that for>15°, ® does not reach unity re-
gardless of the value af. Note that fora=1 and /=0,
the maximal values ob can be expressed approximately as
1.0124+0.32 exg—y /3.41)—y /225. Forhg=300 m, they are
larger, but not much larger. The maximal difference is wher "
y=75° for which the peak value b is 0.78 instead of 0.68. 150f
Figure 6 shows the influence of varying PV on the evolu-
tion of BE radius (Fig. 6a) ané (Fig. 6b) fory=30° and
ho=0. The graphs become smoother with decreasingc-
cording to Eq. (32), the initial radius of the BE grows, and 50
so our system gradually approaches the condition of balanc 0 100 200 ¢ days
between the currents momentum-flux and the Borce.
Therefore, asx decreases, the growth of the BE over time @ (b)
becomes weaker and more uniform, and so does the required |,
mass flux. We note that, starting from=45°, our model 08r Y
does not work for very large PV (with~0.1) because, in ,‘
that case, thg-force exceeds the combined effect of the cur- k
rents already at the initial moment of time. So, by analogy '
with the situation described by Nof (1999), the BE should
leak as a result of being forced I8yinto the wall. We expect
that, under such conditions, the BE cannot be nearly circular.
Qualitatively similar results were obtained for the mag-
nified value of 8. However, as expected, the asymp-
totical values of R and maximal values ofp for y#£0
were reduced. For example, in the casel.0, ho=0,
B=6x10"tm~1s1 we obtained the asymptotical values 0 100 2004 Gays
of R to be approximately 230, 200, 185, 170, and 160 km,
and maximal values ob to be 0.84, 0.73, 0.63, 0.54, and Fig. 6. Theoretical plots of the BE radiya) and® (b) versus time
0.44 fory being 1%, 3, 45°, 6(°, and 79, respectively. for «=0.1 (solid thick lines), 0.2 (dashed thick lines), 0.4 (solid
thin lines), 0.6 (dashed thin lines), and 1.0 (dash-and-dotted thin
lines). Parameters valueg=30°, hp=0, B=2.3x10 11 m~—1s-1,
5 Numerical simulations using a one-and-a-half layer Note that the line fow=0.1 in Fig. 6b practically coincides with
model the abscissa.

250}

5.1 Numerical model description
The walls were assumed to be slippery. The experiments be-

We used a modifed version of the Bleck and Boudra (1986)gan by turning on the flow at=0; the numerical source was
reduced gravity isopycnic model with a passive lower layer,an open channel containing streamlines that were parallel to
and employed the Orlanski (1976) second-order radiatiorthe wall for the incoming current, and zonal for the outgoing
conditions for the open boundary. The downstream streamflow. As in our theoretical model, the initial velocity pro-
lines were not disturbed when they crossed the boundaryfile across the channel was linear, and the depth profile was
suggesting that these open boundary conditions are satisfaparabolic. The numerical parameters of the model were: a
tory. In addition, changing the location of the boundary did time step of 120 s, a grid step of 20 km, and a Laplacian vis-
not alter the behavior of the interior flow, which indicated cosity coefficient ofu=700n%s for y>15°, 1000 nfs1
that the boundary conditions are sufficient. for y=15°, and 1800 ris for the zonal wall. The high

We chose the initial PV so that the starting valueoof value in the last case was the lowest we could choose for sta-
was 0.1, 0.4, and 1.0. The basin size was 32D800km,  bility. The reduced gravity wag'=2x10-2ms 2, the Cori-
and the continent was modeled by one fixed meridional wallolis parameterfo=8.8x10-°s~1, and the prescribed flow
(600km long), and one adjacent wall that could be eitherQ=70Sv. We tooks to be 23x10 1t m~1s™1 (realistic)
zonal (2200 km long) or inclined by the angle in this con-  and 6x10~*m~1s~! (magnified), and the initial depth of
nection,y varied between 15and 7% with a step of 18. the upper density layer at the wall to be zero and 300 m.
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Fig. 7. Typical numerical experiment showing the growth of the BE. Note that the retroflected current is one-dimensional downstream.
Spacing between contours represents increments of 200 m and the maximum thickness at the center of the BE is given within the eddy.
Parameter valuesig=0, ajnjt=1.0, y=45°, f=6x10"11m~1s1,

The modeled time in all our experiments was long, aboutboring points could be as high as 0.15. Otherwise, we esti-
210 days. The above choices for resolution were adequatmated the values aR(r) based on the simulations obtained
for our characteristic Rossby radius of 30 km, which corre-every 10 days, and, consequently, the result®flmok much
sponded toH ~350 m with our choice of’ and fo. Fur- more stable than those fdr.
thermore, these choices always allowed for at least nine grid
points across the downstream current, which is also adequaté.2 Results

Several comments should be made at this point. First, i
all our comparisons, we used thragnifiedvalue of 8 in or-
der to make the development of BE faster and less sensitiv

:_O thel ?'Stort'n%eﬁ?iﬁf v;s\,/cos%/. Second, ast:n I:f ' thelfrlc- tream retroflected flow. Figure 8a, b and ¢ shows a com-
lonal forces altered the Fv, and, consequently, the valu€ Of, ;q 5, of the radius of the BE during the development time

afdecreasdecli dugng the gxpeirlmer:ts. Tohm?rl:e the par?me:egﬁr y=0°, =3P, andy =60 all with 7o=0. The starting
ofour model and numerics closer to €ach other, we estimaleg, o ot was 1. The results of our analytical model are

the value olx after each 10 days of simulated time and rein- piven forer which was altered in time (solid curves) and av-

trlod?cefoggus \(/jalue mtt:hou(rjtheoretlc_all rr(;otdel. For a CF)as’taeraged over the period of BE development (dashed curves).
slant o and more, the decreaseanied 1o a squeezing every ten days, solid circles indicate the numerical val-

of It heI Et’.E |nt?Rthe W"’gl’;O tfhat our mofdtil dt'd nolt ?Ilowlthe ues. The analytical results are in satisfactory agreement with
calculation ofR(z) and ®(z) for some of the time intervals, the numerics, especially far=0°. With increasingy, the

Instead_ of this, we artificially interpolated the_se funqtions, agreement becomes a little worse, indicating that, as a result
SUppOSINgR(7) to benea_r ly constantand assumlngeganv_e of growing coastal slant, the radius decreases more slowly in
valluels (.)f(b([)'. ﬁ\lter_nanvely, we perf:)rmed ';]hehtheoretg)cal the numerics than in our model. Nevertheless, our compari-
calculations with using a constant valuesgfwhich was ob- son is adequate.

tained by averaging over the full time of the BE development. The comparison ofb, which is in general satisfactory, is

Third, the values of®(z) in the numerical simulations, given in Fig. 9. Here, the open circles show the fitted nu-
which were calculated with a period of 1 day, were subjectmerical values. At times, the results of our model and the
to strong local oscillations with periods of about 5 days, sonumerical simulations differ significantly at the beginning of
we used the polynomial fitting to smooth these oscillationsdevelopment (of the first BE), when the numerically obtained
out. In addition, although we calculate® andg numeri-  value of ® can even be negative (Fig. 9b). As Fig. 9a il-
cally through the ending grid points of cross-sections (whichlustrates, however, this is not always the case. Often the re-
were chosen to be close to the lines of given depth of thesults agree from the beginning of the experiment. The former
upper layer) we could not determinie accurately. This is issue might be an outcome of our numerical initialization.
because the error inherent in the choice between two neightater in the BE development, the agreement improves in

Mhickness contours of a typical numerical simulation are
shown in Fig. 7. We see that the BE gradually develops in
fime without altering the one-dimensionality of the down-
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Fig. 8. The modeled and numerical values of the BE radius during the developmégtfOrand three different slantsqB0°, and 68). All

runs started with zero P\&E&1). However, since numerical friction alters the PV, the theoretical computations were continuously adjusted
on the basis of either a gradual numerically-altered value (@blid curves) or an averaged value (dashed curves). As before, the numerical
values (solid circles) are given every 10 days. For the solid line the initial valuenafs unity whereas the final value was 0.2a% 0.317

(b) and 0.444c). The dashed line is based on averages, 0.423 (a), and 0.326 (both b and c). We note that, in the case (c), the firal value of
got larger than average value because of decreasing

general, although in the case of zonal coastline (Fig. 9a), th& Summary and conclusions

theoretically obtained curve for averagedgrees with the

numerical simulations worse than that for altesedThe nu- ~ We developed a nonlinear analytical model of the BE for-
merics in Fig. 9c do show some oscillations around the smalmation and growth (Fig. 2), taking into account a nonzero
theoretical values. This might be an effect of a meanderingthickness of the upper layer around the retroflectiin and
outgoing current in the numerical experiments. In addition, 2 slant of the coastling/{. The main results can be summa-
we note that when the theoretical valuedf(Q—q)/Q is  rized as follows:

small, its relative error could be large because it incorporates | The BE grows approximately as/4
errors inQ andg wheng~Q. It should be also noted that,
in some of our runs, which started wigh=0.4 (not shown),
the numerical value ob noticeably increased at the end of
the numerical simulation, which is probably an effect of the
incipient development of the next eddy.

only in the case

of a zonalcoastline (i.e., no slant). When the slant is

nonzerg the growth rate slows down and almost com-

pletely diminishes as the slant increases (Fig. 4). This
leads to a terminal radius, which corresponds to the
situation where the northeastward component of the
northwardg-force exactly balances the southwestward
momentum-flux of the incoming and outgoing currents.

The northeastward component of the Coriolis force is
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Fig. 9. The same as Fig. 8, but for modeled (solid and dashed line) and numerical (overlapping open circles) values of the volume flux
partition ®.

zero in this terminal case because the eddy is not growand 195 km fory =75°. We note that, using the simple time-
ing so that it is not forced off the wall. averaged retroflection model fromzanal coastline model,
) o Pichevin et al. (1999) found the theoretical radii of Agulhas
2. When the slant is not zero, the mass flux going into thegqgies to be 227 km, which is somewhat smaller than our
BE is not constan_t. At first, it grows fast and ach|e\{es Ayalue fory =15 (about 279 km) ang=3C° (about 242 km).
peak value; then it decreases and tends to zero (Fig. 5)yowever, this could be because the authors obtained the radii
at the moment of detachment, not the asymptotic values for
infinite time.
In our calculation, the mass partitign is time-dependent
t the process is time-averaged and this gives less than a
unity for ® when the angle is larger than 1% This means
The above theoretical results are all in satisfactory agreeth@t we have circumvented the vorticity paradox issue for
ment with the one-and-a half-layer numerical simulationsS/anted coastlines but the question of what happens when
(Figs. 6, 7, 8 and 9). As the growth of the BE is limited the_re_ is a smal_l slant or no-s!ant remains open. Another_ re-
by an asymptotic value, the final radius of detached ring isM&ining issue is that of the rings shedding process — this is
expected to decrease with a growing slant. For example, iP€yond the scope of this paper and will be addressed in a
the zero PV and vanishing thickness along the wall case (i.e Sompanion article.
a=1 andho=0), the radii cannot exceed 220 km fpe=45°

3. When the slant of the coastline exceed$, 1Be theoret-
ical peak of the mass flux going into the BE with zero
PV is smaller than the value of incoming flux implying
the disappearance of the “vorticity paradox”. bu
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Like many other retroflection solutions, our solution has ports) must constantly increase as the BE grows. This ac-
its counter-intuitive aspects. First, because the BE is anti-commodates for the increasing velocity along the eddy edge,
cyclonic, our solution exists only for those incoming cur- which, via Bernoulli, is transmitted both upstream and down-
rents whose upstream vorticity is anticyclonic. The solu-stream. Second, with the exception of the zero PV case,
tion breaks down for currents whose vorticity is cyclonic and which we discuss in detail, it is hard to conceive of a uni-
the issue is reconciled by accepting the essential role of visform PV retroflection. This is why we simply assumed a lin-
cosity in altering the vorticity to the required downstream ear velocity structure upstream and within the eddy. Our nu-
structure within the BE. That alteration of vorticity proba- merical simulations suggest that, because we used integrated
bly takes place in the ocean even in the anticyclonic casdechniques involving momentum fluxes, the detailed veloc-
where we expeat to gradually decrease with time. Without ity distribution is smoothed out anyway so that it makes very
such a decrease, the upstream speeds (though not the traiste difference what profile one chooses.

Appendix A
List of symbols

AC Agulhas Current
BE basic eddy

Cy eddy migration rate in the zonal direction

C, eddy migration rate in the meridional direction

C:C, eddy migration rates in the rotated coordinate system
dy width of incoming current

do width of retroflected current

F force of incoming current

F> force of retroflected current in projection §eaxis

F3 Coriolis force associated with the migration of the eddy

Faf force of the eddy
the Coriolis parameter
approximate absolute value of the Coriolis parameter at the eddy center
reduced gravity
upper layer thickness
upper layer thickness outside the retroflection area
upper layer thickness at the wall
upper layer thickness in the stagnant wedge situated between the incoming and retroflected currents
undisturbed upper layer thickness
meridional overturning circulation
Nof and Pichevin (2001)
potential vorticity
mass flux of the incoming current
mass flux of the retroflected current
radius of the eddy (a function of time)
Ry Rossby radius of the eddy (a function of time)
Ry radius of the eddy at the moment of detachment
R; initial radius of the eddy
r radius in polar coordinate system
s area of integration
Sv Sverdrup (1dmés1)
time
time in the fixed coordinate system
v velocities in the zonal and meridional directions
v*  velocities in the rotated coordinate system
vector with coordinates™v*
u1 absolute value of the current velocity at the edge
1% volume of the eddy
Vg orbital speed

ST TS

<
o
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R T2
Q<'U
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zonal and meridional coordinate axes in the moving system
zonal and meridional coordinate axes in the fixed system
vorticity (twice the Rossby number)

slant of coastline

differences between the eddy radius and current widithg,, respectively
difference between densities of lower and upper layer

small parameter defined 8RR,/ fo

angle in polar coordinate system

parameter defined a8Rd R /dt

axes of rotated moving coordinate system

axes of rotated fixed coordinate system

upper layer density

ratio of mass flux going into the eddies and incoming mass flux
path of integration

streamfunction

< <

SO R Q= =

>
S 'S
N

<SS 6> {mg\awg > ™
=>
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